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Abstract

In this review, we have reached from the most basic definitions
in the theory of groups, group structures, etc. to representation the-
ory and irreducible representations of the Poincare group. Also, we
tried to get a more comprehensible understanding of group theory by
presenting examples from nature around us to examples in mathemat-
ics and physics and using them to examine more important groups in
physics such as the Lorentz group and Poincar’e group and representa-
tions It is achieved in the physical fields that are used in the quantum
field theory.
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1 Introduction

In this report, we examine the irreducible representations of the Poincaré
group. For this, we start with the definition and structure of the theory of
groups, and with the basic definitions, we try to define the groups and sym-
metries that we do in our daily life, and a little further, we try to examine
them more deeply. After we encountered a simple definition and some simple
and physical examples about groups in the first chapter, we try to define the
structures of groups with a little focus. This will help us to have a closer
connection with what we will see in the next chapters.
After these two chapters, we will discuss an important part of the theory
of groups, which are actually very concrete examples of what we have dealt
with so far. We will start with very simple groups like GLn(R) and gradually
we will talk about groups that do not appear very commonly in physics like
SP (2,R) but are very important, and we will check all the information we
got from the previous chapters for these groups.
In the following, we will examine how groups perform actions in reality and
somehow establish a connection between mathematics or even physics with
nature. After that, we will discuss one of the most important parts of the
theory of groups called Lie group and Lie algebra, which contains the effects
of all the previous chapters, and for this reason, we will try to define all the
topics related to this part, such as Topology and Manifold, etc. in a very
precise manner.
In the chapter on the theory of representations, which is the main part of
this report, we have very briefly tried to define the basic definitions of repre-
sentations in the theory of Lie groups and algebras, and we have stated and
proved one of the most basic lemmas in this theory, which is strongly The
need for our work is in the last chapters. In the last two chapters, we tried
to summarize two of the most important groups by using the information
obtained from the previous chapters, and then we obtained the irreducible
representations for the Poincaré group using the previous chapters.
Finally, I must thank Mrs. Mohammad Sadeghi for her careful editing and
proofreading of the text. And I have a special thanks to Dr. Najafizadeh for
the important and influential comments he gave me in editing this review.
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2 Group Theory

2.1 Introduction to the Group

In our daily life, we come across many symmetries. From the symmetry of
a flower to a landscape or a building in terms of architecture or coloring.
In the description of nature as we encounter it in physics, symmetry plays
a more fundamental role and its effect is not limited to art and aesthetics.
In physics and in general, we come across more and more symmetries. For
example, three-dimensional space has translation and Rotation symmetry. In
other words, it is the same as the laws of physics or nature regarding transfer
and rotation in three-dimensional space. The four-dimensional space-time
has more and deeper symmetries. The laws of nature are the same in the
internal frame of reference that is moving in a straight line with respect to
each other, and for this reason, we cannot know the movement of the internal
frame of reference that I am riding on with any physical experiment.
At the microscopic level, there are other symmetries. These symmetries are
not as obvious as the symmetries of a flower, but they have important physical
effects. For example, the strong nuclear force is completely symmetric with
respect to the exchange of protons and neutrons. This symmetry is a discrete
symmetry that is described by the Z2 group. We can say that the strong
nuclear force acts on only one nucleon and it can be in one of two states,
which we call proton and neutron, just like electron spin. For this reason, we
call this symmetry isospin symmetry.
Now, on the other hand, in quantum mechanics, we know that we can expand
the state of a particle in terms of the bases that make up that space, so in
this example, we can define the state of a particle as

|Ψ⟩ = a |proton⟩+ b |neutron⟩

Therefore the nucleon is described by the binary vector which has symmetry
under the U(2) group.
In the microscopic world, we have many symmetries like color symmetry and
gauge symmetry[1][2][3][4]. Group theory is a branch of mathematics that
describes symmetry precisely. In general, symmetry means that an entity
or object does not change under the influence of a certain set of actions and
leaves the feature or property of that object intact. For example, if we assume
that the object is a vase that is symmetric about its z-axis, then it means
that it is symmetric under a set of actions that rotate the object about its
z-axis by an angle θ.
In other words, if we consider the object O and consider the property or char-
acteristic we want about the object as P (O) and action g, then g preserves
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our property if we have

O
′
= g(O) → P (O

′
) = P (g(O)) = P (O)

Now consider another action g
′
where

O
′′
= g

′
(O

′
) = g

′
(g(O)) = (g

′
g)(O)

Then g
′
g preservers P because

P (O
′′
) = P ((g

′
g)(O)) = P (g

′
(g(O))) = P (g(O)) = P (O)

Therefore, we can say that the set of operations that preserves the property
of the object is closed compared to the operation of multiplication. Also in
this set, there is an action like e that does nothing on the object so e(O) = O
then we have

eg = ge = g

and if we have action, g−1 where

g−1g = gg−1 = e

Then this set of actions with multiplication is Group [5].

2.2 Group

Now that we have explained symmetries and groups, we want to define groups
more precisely and mathematically.

Definition 2.1 (Group). A Group is a non-empty set G with a binary op-
eration on G, here denoted ” ∗ ” that ∗ : G×G→ G are satisfied

1. ∀a, b ∈ G | a ∗ b ∈ G (1)

2. ∀a, b, c ∈ G | (a ∗ b) ∗ c = a ∗ (b ∗ c) (2)

3. ∃e ∈ G | e ∗ a = a (3)

4. ∀a ∈ G , ∃a−1 ∈ G | a−1 ∗ a = a ∗ a−1 = e (4)

if a ∗ b = b ∗ a then G is Abelian Group.
Let us have some basic theorems of the group.

Theorem 2.1 (Uniqueness). The identity element of the group is unique.
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Proof. Assume, e and e
′
are identity elements of G. So

∀g ∈ G|e ∗ g = e
′ ∗ g = g → e = e

′

Theorem 2.2 (Uniqueness). The inverse element of the group is unique.

Proof. Assume, g−1
1 and g−1

2 are inverses elements for g. Then

g−1
1 ∗ g = g−1

2 ∗ g = e→ g−1
1 = g−1

2

Theorem 2.3. For all g ∈ G we have, (g−1)−1 = g

Proof. Assume, g−1 ∈ G. Then inverse element of g−1 is (g−1)−1. So

(g−1)−1 ∗ (g−1) = e

If g is the right action then

(g−1)−1 = g

Theorem 2.4. For all g1, g2 ∈ G we have, (g1g2)
−1 = g−1

2 g−1
1

Proof. Assume, (g1g2)
−1 ∈ G. Then inverse element of (g1g2)

−1 form Theo-
rem 2.3 is g1g2. So

(g1g2)
−1(g1g2) = e

If g1 and g2 right action then

(g1g2)
−1 = g−1

2 g−1
1

Definition 2.2 (Order). The order of a group is the number of its elements
and is donated by |G|. If a group is not finite, one says that its order is
infinite.

There are different types of groups such as finite groups, infinite groups,
and continuous groups. . ..
First, we define finite groups.
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2.3 Finite group

Definition 2.3 (Finite group). In abstract algebra, a finite group is simply
a group with a finite number of elements.

One of the most famous finite groups is the Cyclic group, which is defined
as follows.

Definition 2.4. A group is called cyclic if it can be generated by a single
element. In other words, there exists an element a ∈ G, all elements of G
come from the set

< x >= {. . . , x−1, e, x1, . . .} (5)

x is a generator.

The notation for the group generated by S is < S >.
Note for an infinite group, we need to consider inverses explicitly. For a finite
group, inverses occur in the positive powers [6].

Example 2.1. The Cyclic Group Zn define as below

Zn := {0, 1, ..., n− 1} mod n

This Group is called a Cyclic group whose order is n.

Example 2.2. The Cyclic Group Zp, where p is prime number and define
as below

Zp := {0, 1, ..., p− 1} mod p

This Group is called a Cyclic group whose order is p.

Example 2.3. Consider Figure 1. The following two actions can be per-
formed on this form. An e action that does nothing and a πy action that
rotates the shape reflected around the y-axis. Therefore, we can say, the
symmetry group of this object is Z2 = {e, πy}.

Example 2.4. Consider Figure 2. The following three actions can be per-
formed on this form. An e action that does nothing a πy action that rotates
the shape reflected around the y-axis and a πx action that rotates the shape
reflected around the x-axis. Therefore, we can say, the symmetry group of
this object is Z4 = {e, πx, πy, πxπy}.
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Figure 1: Fern - bilateral symmetry [7].

Figure 2: This photograph has bilateral symmetry from left to right and from
top to bottom due to the reflection of the landscape in water [7].

Example 2.5 (Pauli group). Two-dimensional matrices known as Pauli ma-
trices are as follows

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
(6)

These matrices have this relation

σiσj = iϵijkσk

So we have a non-Abelian group

G0 = {±I,±σ1,±σ2,±iσ3} (7)

and also

G1 = {±I,±σ1,±σ2,±σ3,±iI,±iσ1,±iσ2,±iσ3} (8)

8



Definition 2.5 (Symmetric group). The symmetric group has some proper-
ties
1. The elements of the group are permutations on the given set (i.e., bijective
maps from the set to itself).
2. The product of two elements is their composite as permutations, i.e., func-
tion composition.
3. The identity element of the group is the identity function from the set to
itself.
4. The inverse of an element in the group is its inverse as a function [8].

Example 2.6 (Permutation group). A famous example of this group is the
Permutation group, which is represented by Sn, and a member of this group
can be shown as follows

α =

(
1 2 . . . n

α(1) α(2) . . . α(n)

)
(9)

Since this group itself is a type of the symmetric group, if α, β ∈ Sn then
αβ ∈ Sn. Therefore Sn is closed under multiplication and for all α ∈ Sn,
there is inverse, α−1 ∈ Sn.

Example 2.7. Consider S2. The elements of S2 are

e =

(
1 2
1 2

)
, α =

(
1 2
2 1

)
(10)

Then we have abelian group, S2 = {e, α}.

Example 2.8. Let’s consider S3. The elements of S3 are

e =

(
1 2 3
1 2 3

)
, α =

(
1 2 3
2 1 3

)
, β =

(
1 2 3
1 3 2

)
(11)

γ =

(
1 2 3
3 2 1

)
, δ =

(
1 2 3
2 3 1

)
, η =

(
1 2 3
3 1 2

)
(12)

This group is non abelian and S3 = {e, α β, γ, δ, η}.

2.4 Infinite group

Unlike finite groups, the order of an infinite group does not become a finite
number. One of the most famous examples of infinite groups is the Permu-
tation group.

Example 2.9 (Z group with integer addition). Set of Integer numbers with
integer addition also called Z.
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Example 2.10 (Z − {0} group with integer multiplication). Set of Integer
numbers except 0 with integer multiplication also called Z − {0}.

Example 2.11 (R group with addition). Set of Real numbers with addition
also called R.

Example 2.12. One of the most famous groups is Braid group [9]. This
group is very important in the study of node topology.

Definition 2.6 (Braid group). Suppose there are n points p1, . . . , pn in a
plane and consider a plane parallel to this plane with these points. Now
consider a set of curves that connect the bottom point to the top plane
points, provided that these curves do not intersect each other, but can have
any desired shape. Mathematically, we say that only the Homotopy class
[10, 11] of curves is important to us, and not the curves themselves, and for
this reason, every set of curves, or in other words, its homotopy class, is a
member of the braid group [5]. In mathematically

γ : [0, 1] → R2 × [0, 1] | γ(t) = (γ1(t), . . . , γn(t)) (13)

where

γ1(0) = p1, . . . , γn(0) = pn (14)

and endpoints are permutations of initial points, in other words, (γ1(t), . . . , γn(t))
is permutations of initial points.
Each member of the Braid group is a curve set or homotopy class. We display
the members of this group with letters α, β, . . . and Braid group has called
Bn

For example in Figure 3 one of element of B3 which α = (γ1(1), γ2(1), γ3(1)) =
(1, 3, 2) ∈ B3.
And because homotopy class is important for us and the elements dependent
on it, we have equivalence in some curves. For example Figure 4 we have
equivalence in B4.

Now we have to define an action, an identity element, and an inverse ele-
ment for this group according to the definition. The operation of multiplying
this group is to assume that α and β are two homotopy classes (set of curves)
as follows

α = (α1, . . . , αn) , β = (β1, . . . , βn) (15)
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Figure 3: α is one of elements of B3

Figure 4: They are equivalent

that the indices define our initial points and the member’s action and oper-
ation of multiplication is

α : (1, . . . , n) → (α1, . . . , αn) (16)

β : (1, . . . , n) → (β1, . . . , βn) (17)

βα : (α1, . . . , αn) → (βα1 , . . . , βαn) (18)

So

βα = (βα1 , . . . , βαn)

For example, if in B3 we have

α = (2, 3, 1) , β = (1, 3, 2)

βα = (1, 3, 2)
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In Figure 5 we plot βα for B3. So we define the multiplication operation
for the Braid groups. Let’s define the identity element in the Braid group.
As we know the identity element, is an element that does not work on other
elements, ie. so in the braid group the identity element is a homotopy class
that does not work in the Braid group except that it connects the lower
points to the upper points without any screws.

Figure 5: The multiplication operation in the Braid group, B3 for α = (2, 3, 1)
and β = (1, 3, 2).

Now we can define the inverse element. Consider γ : [0, 1] → R3 is curved.
A curve that goes in the opposite direction is defined as follows

γ−1(t) := γ(1− t) (19)

So the inverse element of the Braid group define

γ−1 = (γ−1
1 , . . . , γ−1

n ) (20)

Therefore we define the Braid group by multiplication operator, identity
element, and inverse element.

2.5 Continuous group

Definition 2.7 (Continuous group). In a very general definition, it can be
said that there are infinite groups whose elements are uncountable.

Example 2.13 (Invertible functions). The set of invertible functions on
[0, 1] ∈ R, together with the multiplication operation, is a continuous group.

Example 2.14 (GL). The set of invertible linear transformations on a vector
space V that is represented by GL(V ) is called the group of general linear
transformations on V . If V is a n-dimensional vector space on field F then
GLn(F).
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As we know, each of the inverse linear transformations in the vector space
can be represented as a matrix.

Example 2.15 (SLn(R)). A subset of matrices GLn(R) that det(A) = +1
is the group of real n-dimensional matrices denoted by SLn(R).

Example 2.16 (On(R)). A subset of matrices GLn(R) that are orthogonal,
A†A = I, is the group of real n-dimensional matrices denoted by On(R).

Example 2.17 (SOn(R)). A subset of matrices On(R) that are orthogonal,
A†A = I, and det(A) = +1 is the group of real n-dimensional matrices
denoted by SOn(R).

Example 2.18 (U(n)). A subset of matrices GLn(R) that is unitary is the
group of real n-dimensional matrices denoted by U(n).

We will discuss this section further.

2.6 Multiplication table

Now that we have defined the types of groups and given examples for them,
we come to the point where we can define a multiplication table for each
group. For example, consider the group S3. From example 2.8, we know that
the elements of this group are as follows

e =

(
1 2 3
1 2 3

)
, α =

(
1 2 3
2 1 3

)
, β =

(
1 2 3
1 3 2

)
(21)

γ =

(
1 2 3
3 2 1

)
, δ =

(
1 2 3
2 3 1

)
, η =

(
1 2 3
3 1 2

)
(22)

Now we can have a multiplication table for this group as follows

. e α β γ δ η
e e α β γ δ η
α α e δ η β γ
β β η e δ γ α
γ γ δ η e α β
δ δ γ α β η e
η η β γ α e δ

Example 2.19. Consider G1 = {1,−1} under multiplication. The Multipli-
cation table of G1 is
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. 1 -1
1 1 -1
-1 -1 1

which acts like group G = {e, a} , a2 = e.

Example 2.20. Consider G2 = {0, 1} under addition mod 2. The Multipli-
cation table of G2 is

+ 0 1
0 0 1
1 1 0

which acts again like group G = {e, a} , a2 = e.

Example 2.21. Consider G3 = {
(
1 0
0 1

)
,

(
0 1
1 0

)
} under multiplication.

The Multiplication table of G3 is

. e α
e e α
α α e

where e =

(
1 0
0 1

)
and α =

(
0 1
1 0

)
. Which acts again like group G =

{e, a} , a2 = e.
As we have seen, these groups acted with a group of the equivalent or were in
some way Isomorphism. In the next sections, we will discuss this similarity
between groups.
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3 Group Structure

Understanding group structures helps to understand groups and the relation-
ships between them and their related issues.

3.1 Subgroup

Definition 3.1. A subset H of a group G is called a subgroup if it is not
empty, closed under group operation, and has inverses. The notation H ≤ G
denotes that H is a subgroup of G.

Every group G has two trivial subgroups, e and the group G itself. Let’s
look at a few examples

Example 3.1. nZ is a subgroup of Z.

Example 3.2. Z is a subgroup of Q under addition.

Example 3.3. The set S = {a + b
√
2 | a, b ∈ Z} is a subgroup of R under

addition.

Example 3.4. SLn(R) is a subgroup of GLn(R) under addition.

Example 3.5. On(R) is a subgroup of GLn(R) under addition.

Example 3.6. SOn(R) is a subgroup of On(R) under addition.

Example 3.7. {e, α} is a subgroup of S3.

Example 3.8. {e, σ1} is a subgroup of Pauli group.

Based on the definition and examples of subgroups, we express and prove
theorems in subgroups.

Theorem 3.1. If H is a subset of G then H is a subgroup of G if and only
if

1. ∀a, b ∈ H | ab ∈ H

2. ∀a ∈ H | a−1 ∈ H

Proof. If H is a subgroup of G then 1 and 2 are trivial. Let’s assume 1 and
2 be established, we have

ab = aa−1 = e ∈ H (1)

then e ∈ H and H is a subgroup of G.
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Theorem 3.2. If G is a finite group and H is a subset of G then H is a
subgroup of G if and only if

1. ∀a, b ∈ H | ab ∈ H

Proof. If H is a subgroup of G then 1 is trivial. Let’s assume 1 is established.
Consider {a, a2, . . . , an} ∈ H and from 1 we have aan = an+1 ∈ H. Then
∃ m < n+ 1 where

an+1 = am ∈ H (2)

an+1−m = ama−m = e ∈ H (3)

then H has inverse element and e ∈ H so H is a subgroup of G.

3.2 Cosets

In the theory of numbers, two numbers a and b remain to the number n if
their difference is a multiple of n, that is a− b = kn then we call a and b are
equivalent. For example if a, b ∈ Z and have nZ group then a and b are
equivalent if a− b in subgroup of nZ. In other words

a ∼ b → a− b ∈ nZ (4)

Let’s define equivalent in a subgroup.

Definition 3.2. If H is a subgroup of G then

a ∼R b mod H → ab−1 ∈ H (5)

where ∼R is a right equivalent.

In other words, assume h ∈ H then ab−1 = h or a = bh. Therefore, if
we want to find all the elements equivalent to a, we must multiply all the
elements of h ∈ H from the right side. In this way, a subgroup of G is
obtained, which is as follows

aH := {ah | h ∈ H} (6)

this set is called the Right coset of a.
In this set, all elements are equivalent to each other, and any element which
is equivalent to a is in this set.

Definition 3.3. If H is a subgroup of G then

a ∼L b mod H → a−1b ∈ H (7)

where ∼L is a left equivalent.
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As in the previous definition, we have

Ha := {ha | h ∈ H} (8)

this set is called the Left coset of a.
Note that two equivalence relations 6 and 8 Partition a group into two dif-
ferent types and they are different from each other. For example, in Figures
1 and 2, we showed Right cosets and Left cosets. Now, if H is a finite

Figure 6: In 1 right cosets of a, b, . . . and in 2 left cosets of a, b, . . .. As shown,
these two types of equivalence are different.

subgroup, then all cosets have the same number of elements as the number
of elements of H or the order of H, and at this point, we can define a new
theorem.

Theorem 3.3 (Lagrange). If H is a subgroup of a group G, then |H| | |G|.
Proof. Considering that the number of elements of each coset is equal to the
order H, assume {a1, . . . , an} ∈ G then

|a1H| = |a2H| = . . . = |anH| = H (9)

|G| =
n∑
i

|aiH|+ |H| = k|H| → |H| | |G| (10)

Definition 3.4. If a ∈ G we call the smallest number m, which is am = e,
the order of a, and denote it by |a|. If there is no exist m then the order of
a is infinite.

Theorem 3.4. For all a in G we have |a| | |G|
Proof. As we know consider < a >= {e, a, a2, . . .} and from proof of Theorem
2.6, < a > is a subgroup of G. So from Theorem 2.7, we have |a| | |G|.

Now, from this theorem, we can reach interesting theorems in group the-
ory and number theory. We do not prove these theorems and can see their
proof in [12][13][14].
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3.3 Normal subgroup

As we have shown, the right coset and the left coset are not necessarily the
same, but in a special case, these two can be the same. In other words, we
can write bh as h

′
b for every b ∈ G and h ∈ H where h

′ ∈ H.

Definition 3.5. H is a normal subgroup of G if

∀ g ∈ G , ∀ h ∈ H | ghg−1 ∈ H (11)

Note for normal subgroups the right and left cosets are equal. In Figure
7 this point is shown.

Figure 7: For a normal subgroup the right and left cosets are equal. That
means aH = Ha and it is shown as [a], [b], . . .

Theorem 3.5. If H is a normal subgroup of G then for all a ∈ G we have
aH = Ha.

Proof. First, we prove that aH ⊂ Ha. So if x ∈ aH then x = ah and

x = ah = h
′
a ∈ Ha→ aH ⊂ Ha (12)

On the other hand to prove Ha ⊂ aH

x = ha = ah
′ ∈ aH → Ha ⊂ aH (13)

So aH = Ha.

Theorem 3.6. H is a normal subgroup of G if and only if

∀ g ∈ G | gHg−1 = H (14)

Proof. First, assume H is a subgroup of G then from Definition 2.12 we have
gHg−1 ⊂ H. Now consider h ∈ H and then

h = g(g−1hg)g−1 = gh
′
g−1 ∈ gHg−1 (15)

→ H ⊂ gHg−1 (16)

So gHg−1 = H.
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Now, according to the definitions and theorems, we will give some exam-
ples of normal subgroups.

Example 3.9. SLn(R) is a normal subgroup of SLn(R).

Example 3.10. In SLn(R) the subgroups which have I and −I matrices are
normal subgroup.

Example 3.11. Every subgroup of an abelian group is the normal subgroup.

3.4 Factor group

According to the definition of a normal subgroup, now we want to make a
new definition of all normal subgroups of a group.

Definition 3.6. Let H be a normal subgroup of G. Define the set G/H
to be the set of all left(right) cosets of H in G and define a multiplication
operation for all cosets which if [a] = aH(Ha) then [a][b] := [ab]. So G/H is
a group and called Factor group.

Let’s take a few examples.

Example 3.12. Consider G = Z and H = nZ. As mentioned in example
2.28, H = nZ is a normal subgroup. The subgroup H has the following
cosets

[k] := k +H = k + nZ = {k + na | a ∈ Z} , k = 0, 1, . . . (17)

In other words, [k] is the class of all numbers whose remainder when divided
by n is equal to k. So

[k] + [l] = [k + l] (18)

then [k + n] = [k]. Therefore we have

Z/nZ ≡ Zn (19)

Example 3.13. Assume G = U(2) and H = SU(2) is a normal subgroup
cause if h ∈ H = SU(2) then det(h) = det(ghg−1) = 1. Now we have

g = eiϕ/2
(
1 0
0 1

)
∈ U(2) , [g] = gh = {gh ∈ U(2) | det(g) = eiϕ} (20)

and

[g][g
′
] = [eiϕ][eiψ] = [ei(ϕ+ψ)] = [gg

′
] (21)
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So

U(2)/SU(2) ≡ U(1) (22)

and more generally

U(n)/SU(n) ≡ U(n) (23)

Example 3.14. Assume G = U(2) and H = U(1) is a normal subgroup
cause if h ∈ H = U(1) then det(h) = det(ghg−1) = 1. Now

g = eiϕ/2
(
1 0
0 1

)
∈ U(2) , [g] = gh = {gh ∈ U(2) | det(g) = 1} (24)

then

U(2)/U(1) ≡ SU(2) (25)

3.5 Homomorphism and Isomorphism

As we said in the previous sections G1 = {1,−1} under multiplication,

G2 = {0, 1} under addition mod 2 and G3 = {
(
1 0
0 1

)
,

(
0 1
1 0

)
} under mul-

tiplication although they look completely different, they all act like G =
{e, a} , e = a2. All three are the equivalent of G = {e, a}. The equiva-
lent of these three groups means that they can be mapped to each other so
that their multiplication table does not change. These groups have the same
structure and cannot be considered as three different groups. In this section,
we discuss the equality or Isomorphism between groups.

Definition 3.7. Let (G, .) and (H, ∗) be groups and f : G → H. Then f is
a homomorphism if

∀g1, g2 ∈ G | f(g1.g2) = f(g1) ∗ f(g2) (26)

Then G and H are homomorphic.

Definition 3.8. If a homomorphism is also a bijection, then it is called an
isomorphism. Then G and H are isomorphic.

From the definitions above, two theorems can be reached.

Theorem 3.7. If e and e
′
are identity elements of G and H, respectively

and G and H are isomorphic then

f(e) = e
′

(27)
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Proof. From Definition 2.15, if g1 = e = g2 and e
′
= f(g1) = f(g2) then

f(e) = e
′

(28)

Theorem 3.8. If G and H are isomorphic then

f(g−1) = f(g)−1 (29)

Proof. From Definition 2.15, if g1 = g and g−1 = g2 then we have

f(g.g−1) = f(g) ∗ f(g−1) = f(e) = e
′ → f(g−1) = f(g)−1 (30)

In the following examples, we discuss the homomorphism and isomor-
phism of the groups that we have met so far.

Example 3.15. A map f : GLn(R) → SLn(R) where f(g) = g
det(g)

, is a
homomorphism.

Example 3.16. A map f : GLn(R) → R − {0} where f(g) = det(g), is a
homomorphism.

Example 3.17. Consider U(1) = {eiϕ | ϕ ∈ [0, 2π]} and

SO(2) = {
(
cos θ sin θ
−sin θ cos θ

)
, θ ∈ [0, 2π]}. Now define f : SO(2) → U(1).

Then U(1) and SO(2) are isomorphic.(Proof [5] [15].)

Example 3.18. Consider Z and nZ. Let’s define f : Z → nZ. So we have

f : Z → nZ, ∀z ∈ Z | f(z) = nz , f−1(nz) = z (31)

Thus

∀z1, z2 ∈ Z | f(z1.z2) = nz1z2 = f(z1)f(z2) (32)

So Z and nZ are isomorphic.

Example 3.19. B2 and Z are isomorphic.(Proof [16])

Now we represent theorems about homomorphism that are very practical
and important.

Theorem 3.9. If f : G → H is a homomorphism, then Ker(f) is a normal
subgroup of G, and Im(f) is a subgroup of H.
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Proof. Assume a, b ∈ Ker(f) then from definition of ker(f) we have

f(a) = e
′
= f(b) , f(ab) = f(a)f(b) = e

′ → ab ∈ Ker(f) (33)

f(a) = e
′
, (f(a))−1 = f(a−1) = e

′ → a−1 ∈ Ker(f) (34)

So from eqs.33 and 34, we obtain Ker(f) is subgroup of G. Let’s prove the
Ker(f) is a normal subgroup. So consider a ∈ Ker(f) and g ∈ G then

f(a) = f(gag−1) = e
′ → gag−1 ∈ Ker(f) (35)

So Ker(f) is a normal subgroup of G.
Let’s assume a

′
, b

′ ∈ Im(f) then from definition of Im(f) we have

a
′
= f(a) , b

′
= f(b) → a

′
b
′ ∈ Im(f) (36)

a
′
= f(a) , a

′−1 = f(a−1) →′−1∈ Im(f) (37)

Therefore Im(f) is a subgroup of H.

Theorem 3.10. A map f : G → H is an isomorphism if and only if f is
bijective and Ker(f) = {e}.

Proof. Consider f(a) = f(b) then we have

f(a) = f(b) → f(a)f−1(b) = f(ab−1) = e
′

(38)

f−1(f(ab−1)) = ab−1 = e→ a = b (39)

Theorem 3.11. If a map f : G→ H is a homomorphism then G/Ker(f) ∼
Im(f).

Proof. As we know from Theorem 2.13, that Ker(f) is a normal subgroup
of G and so G/Ker(f) is a closet. We define a map f : G/Ker(f) → Im(f)
where

∀[a] ∈ G/Ker(f) , f([a]) = x ∈ Im(f) (40)

Now we prove the map is isomorphism. So

∀[a], [b] ∈ G/Ker(f) , f([a])f([b]) = f([a][b]) : Homomorphism (41)

if f([a]) = f([b]) → f([a])f−1([b]) = f(ab−1) = e
′ → [a] = [b] : Bijective

(42)

So G/Ker(f) ∼ Im(f).
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Now let’s examine an important example about isomorphic in physics.

Example 3.20 (SU(2)/Z2 ∼ SO(3)). As we know in Example 2.17, the
rotation group in three-dimensional is SO(3). Let’s assume A ∈ SO(3) is a
rotation and −→r ,−→r ′ ∈ R3 are vectors in euclidean space. Then

−→r ′
= A−→r (43)

where −→r ′
is rotation of −→r .

On the other hand, by using Pauli matrices, it can be said that every rotation
can be represented by these matrices. In other words

∀−→r ∈ R3 , P :=

(
z x− iy

x+ iy −z

)
≡ xiσ1 =

−→r .−→σ (44)

Now from U ∈ SU(2) we have

P
′
= UPU † (45)

and

∀−→r ′ ∈ R3 , P
′
:=

(
z
′

x
′ − iy

′

x
′
+ iy

′ −z′

)
≡ x

′

iσ1 =
−→r ′
.−→σ (46)

Therefore U rotate −→r to −→r ′
in three-dimensional and the interesting point

is P and U are two-dimensional matrices! Therefore eqs.43 and 45 are equiv-
alent. Now consider two roration

−→r ′′
= A

′−→r ′
, −→r ′

= A−→r (47)

P
′′
= U

′
P

′
U

′† , P
′
= UPU † (48)

so

−→r ′′
= A

′
A−→r (49)

P
′′
= U

′
P

′
U

′† = P
′′
= U

′
UPU †U

′† = (U
′
U)P (U

′
U)† (50)

Therefore SU(2) and SO(3) are homomorphic but not isomorphic because
the map is not bijective and U and −U generate rotation so we have

SU(2)/Z2 ∼ SO(3) (51)
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4 Matrix groups

Whenever V is a real vector space, the set of invertible linear transforma-
tions from V to itself forms a group. When we choose a basis for the vector
space, we can represent each transformation as a matrix. As a result, the
node of linear transformations on a linear space is nothing but a group whose
elements consist of invertible matrices, which are called matrix groups. Each
group can be represented as a set of matrices, and in quantum mechanics,
which is known as a fundamental framework for describing nature, it has a
linear structure and physical states are represented in Hilbert space, and any
type of transformation on these vectors are represented as a linear transfor-
mation with a matrix. In this section, we examine the most important matrix
groups and in each case, we deal with infinitesimal transformations because
these small transformations are used to obtain the generators of each group
[5].

4.1 General linear group

A large and very important class of groups is defined as linear transforma-
tions on a vector space. The set of invertible linear transformations on a
vector space V that is represented by GL(V ) is called the group of general
linear transformations on V [5].
On the other hand, any transformation is an operator(map), and each map-
ping can be transformed into a matrix using the bases of the vector space on
which the transformations were defined. Therefore if T is a map on vector
space V with field F, T̂ is a matrix in which the elements of this matrix are
in field F. If the vector space has n dimensional then the group of general
linear transformations on V with field F is called GLn(F).
Now consider GL2(R)

GL2(R) = {
(
a b
c d

)
| a, b, c, d ∈ R , ad− bc ̸= 0} (1)

This group is the simplest group of the general linear group. As we shown
GL2(R) has 4 parameters so it is 4 dimensional group. On the other hand,
this group is a continuous group or topological group and by changing the
parameters, we can move from one point to another in this group.
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4.2 Special linear group

Definition 4.1. A subset of matrices GLn(R) that are det(A) = 1, is the
group of real n-dimensional matrices denoted by SLn(R). In other words

SLn(R) = {g ∈ GLn(R), | det(A) = 1} (2)

The simplest group of the special linear group is SL2(R) where define

SL2(R) = {g ∈ GL2(R), | det(A) = 1} (3)

Let’s obtain generators of this group. There are two methods to get the
generators of a group, we use the first method to get the generators and
we will present the second method in the further sections. We know that
SL2(R) is a three-parameter group. On the other hand, when we are near
the identity element of the group, the parameters of the group can be written
as follows

g ∈ SL2(R) , g = I + L ≈
(
1 + ϵ3 ϵ1 − ϵ2
ϵ1 + ϵ2 1− ϵ3

)
(4)

then

det(g) = det(I + L) = 1 + tr(L) = 1 → tr(L) = 0 (5)

So

g ≈ I + ϵ1

(
0 1
1 0

)
+ ϵ2

(
0 −1
1 0

)
+ ϵ3

(
1 0
0 −1

)
(6)

≈ I + ϵ1T1 + ϵ2T2 + ϵ3T3 (7)

Therefore

T1 =

(
0 1
1 0

)
, T2 =

(
0 −1
1 0

)
, T3 =

(
1 0
0 −1

)
(8)

are generator of SL2(R). Now, if we assume that ϵ1, ϵ2, ϵ3 is not small
enough, we can assume θi that not very small and define N which is too
large. Then we have

g ≈ I +
θ1
N
T1 +

θ2
N
T2 +

θ3
N
T3 (9)
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On the other hand from the property of the group, every group is closed so

g ≈ (I +
θ1
N
T1 +

θ2
N
T2 +

θ3
N
T3)

N (10)

and in N → ∞ we have

g = lim
N→∞

(I +
θ1
N
T1 +

θ2
N
T2 +

θ3
N
T3)

N = eθ1T1+θ2T2+θ3T3 (11)

Therefore if we change θi, an element of the group is generated. Note matrices
in eq. 8, are pauli matrices

T1 = σ1 , T2 = −iσ2 , T3 = σ3 (12)

so the generators and elements of SL2(R) are rotation in R3.

4.3 Orthogonal group

Definition 4.2. A subset of matrices GLn(R) that are orthogonal, A†A = I,
is the group of real n-dimensional matrices denoted by On(R). In other words

On(R) = {A ∈ GLn(R), | A†A = I} (13)

Example 4.1. The set of 2-dimensional and real orthogonal matrices is a
group, which is denoted by O2(R).

Example 4.2. The set of 3-dimensional and real orthogonal matrices is a
group, which is denoted by O3(R).

Let’s consider O2(R). This group invariant the inner product in R2 space.
According to the definition of the orthogonal group, it can be concluded from
A†A = I, det(A) = ±1 so this group is not continuous or topological then we
can not define a generator for this group. In Figure 8 we have shown O2(R)
and its subgroup. A subset of these matrices whose determinant is equal to
+1 is a group. This group name is Special orthogonal group.

4.4 Special orthogonal group

Definition 4.3. A subset of matrices On(R) that are orthogonal, A†A = I,
and det(A) = +1 is the group of real n-dimensional matrices denoted by
SOn(R). In other words

SOn(R) = {A ∈ GLn(R), | A†A = I , det(A) = +1} (14)
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Figure 8: As we shown On(R) is not continuous and not connected in topo-
logical. Cause we can not move between two points in O(n).

In SO2(R), for all A ∈ SO2(R) we can show

A =

(
cos θ sin θ
−sin θ cos θ

)
, θ ∈ [0, 2π] (15)

Given that this group is continuous, we can define and obtain the generator
as before. So

A ∈ SO2(R) , A ≈ I + L (16)

AA† = I + L+ L† = I → L+ L† = 0 (17)

det(A) = det(I + L) = 1 + tr(L) = 1 → tr(L) = 0 (18)

Now consider

L =

(
α β
γ δ

)
(19)

from eqs.17 and 18, L has this properties, so

L+ L† =

(
α + α∗ β + γ∗

γ + β∗ δ + δ∗

)
=

(
0 0
0 0

)
(20)

tr(L) = α + δ = 0 (21)

Therefore L can be

L =

(
iϵ3 −ϵ2 + iϵ1

ϵ2 + iϵ1 −iϵ3

)
= ϵ1

(
0 1
1 0

)
+ ϵ2

(
0 −1
1 0

)
+ iϵ1

(
1 0
0 −1

)
(22)
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Then

T1 =

(
0 1
1 0

)
= σ1 , T2 =

(
0 −1
1 0

)
= −iσ2 , T3 =

(
1 0
0 −1

)
= iσ3 (23)

So we obtain generators of SO2(R). Now all elements of this group are

g = eϵ1T1+ϵ2T2+ϵ3T3 (24)

by change ϵi.
In the next sections, we will discuss a subgroup of O(1, 3) that has very
important effects in physics. This subgroup, represented by SO+(1, 3), in-
variant the inner product < −→x ,−→y >= x0y0 − x1y1 − x2y2 − x3y3, which we
call Lorentz group.

4.5 Unitary group

Definition 4.4. The unitary group is a subgroup of the general linear group
GL(n,C) and is denoted by U(n).
This group invariant inner product in Cn and because the determined of this
group also is a pure phase, then this group is a continuous(Topological) group
and we can define generators. Let’s define the Special unitary group.

4.6 Special unitary group

Definition 4.5. A subset of matrices U(n) that are orthogonal, A†A = I,
and det(A) = +1 is the group of complex n-dimensional matrices denoted by
SUn(R). In other words

SUn(R) = {A ∈ U(n), | A†A = I , det(A) = +1} (25)

Let’s consider g ∈ SU2(R) = SU(2). So generators of this group are

L =

(
iϵ3 −ϵ2 + iϵ1

ϵ2 + iϵ1 −iϵ3

)
= iϵ1

(
0 1
1 0

)
+ iϵ2

(
0 −i
i 0

)
+ iϵ1

(
1 0
0 −1

)
(26)

Then

T1 = i

(
0 1
1 0

)
= iσ1 , T2 = i

(
0 −i
i 0

)
= iσ2 , T3 = i

(
1 0
0 −1

)
= iσ3

(27)
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Now we can assume (ϵ1, ϵ2, ϵ3) = θ(n1, n2, n3) that n = (n1, n2, n3) is a unit
vector, so we have

g ≈ I + i−→n .−→σ = ei
−→n .−→σ (28)

Therefore all elements of SU(2) generate by −→n and −→σ from eq.28.

As mentioned, the group U(n) can invariant the inner product in Cn and
according to the defined metric, any subgroup of U(p, q) can be defined that
is true in the defined inner product. There is no need for these groups in this
article, so we will not discuss them [17] [18] [19].

4.7 Sympletic group

This group is very important in classical mechanics. This group represents
all canonical transformations on a phase space, which in classical mechanics
is the phase space (x, p), and the vectors of this space, which act on a space

R2, can be represented as g =

(
x
p

)
. In this space, we define an inner product

as follows

< g, f >:= xgpf − xfpg (29)

where this inner product is from classical mechanics [11] [20] [21].On the
other hand, we can show the inner product 29 in matrix notation

< g, f >:= gTJf (30)

where J =

(
0 1
−1 0

)
is called Sympletic matrix. Let’s define SP (2,R)

that invariant inner product

SP (2,R) = {S ∈ GL(2,R) | STJS = J , det(S) = 1} (31)

So obtain the generator of this group.

S ≈ I + L (32)

and

STJS = J → LTJ + JL = 0 (33)

det(S) = 1 → tr(L) = 0 (34)

29



Therefore L is

L =

(
ϵ3 ϵ1 + ϵ2

ϵ1 − ϵ2 −ϵ3

)
= ϵ1T1 + ϵ2T2 + ϵ3T3 (35)

where

T1 = σ1 , T2 = −iσ2 , T3 = σ3 (36)

So all of the elements of SP (2,R) generate by changing ϵi in S = eϵ1T1+ϵ2T2+ϵ3T3 .
As seen in special linear group SL(2,R) the generators are same with the
generators of SP (2,R), so SL(2,R) and SP (2,R) are isomorphic, but just
in 3-dimensional [5] [22] [23].
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5 Group Action

After getting acquainted with matrix groups, in this section, we will discuss
the action of groups on sets, and in general, we will examine the importance
of the use of groups in nature. As it was said in the introduction of this
chapter, we are looking for a property of the object or body that is under
our investigation, and by performing actions on this object, we are looking
for its new property. If the property of our object does not change before
and after the action, we say that our object is symmetrical with respect to
the action performed. For example, consider a jar. If we rotate this jar with
respect to its z-axis and its geometric properties do not change, we say that
this jar is symmetrical with respect to the jars around the z-axis. In this
section, we consider the jar as a set and assign the rotations around the z-
axis as a group as we discussed, and examine the action of this group with
respect to the said set.

Definition 5.1. A left action of a group G on a set M is a map

ϕ : G×M →M (1)

such that:

1. ∀m ∈M | ϕ(e,m) = m

2. ∀m ∈M , ∀a, b ∈ G | ϕ(a, ϕ(b,m)) = ϕ(ab,m)

In Figure 9 we have shown the meaning of the action(left action) of a group
on a set.

Figure 9: A left action of a group on a set means we can relate between
points on a set by a map.

Let’s give some examples.
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Example 5.1. Consider G = Z2 = {I,−I} and M = R and define left
action ϕ : Z2 × R → R. By definition we have

1.∀m ∈ R , ϕ(I,m) = m (2)

2.∀m ∈ R , ∀a, b ∈ Z2 | ϕ(a, ϕ(b,m)) = ϕ(ab,m) (3)

Example 5.2. Consider G = {−→a | −→a ∈ R3} and M = R3. Let’s define left
action ϕ : G× R3 → R3 which

∀−→m ∈ R3 , ∀−→a ∈ G | ϕ(−→a ,−→m) =
−−−→
a+m (4)

Example 5.3. Assume G = SO(2) and M = S1. As we know SO(2) is a
rotation group in 2-dimensional and S1 is a 2-dimensional sphere. So the left
action ϕ : SO(2)× S1 → S1 which

ϕ(g,−→r ) = −→r ′
, g ∈ SO(2) and −→r ,−→r ′ ∈ S1 (5)

For more examples, you can refer to specialized sources of group theory [4]
[5] [24] [25] [26]. Let’s give some definitions and theorems which not proven.

Definition 5.2. If there is point like m0 ∈M such that ∀g ∈ G, ϕ(g,m0) =
m0 then m0 is a fixed point of action group on M .

For example in Example 2.24, 0 ∈ R is a fixed point of action Z2.

Theorem 5.1. Assume m ∈ M and G action on M . Then the elements of
G which are fixed m are elements of a subgroup of G and it is called fixed
point subgroup.

Definition 5.3. A action of a group G on a setM is called transitive when
the set is nonempty and there is exactly one orbit [26].

Theorem 5.2. If a group G on a set M is transitive then the fixed point
subgroups of all points are isomorphic.

Theorem 5.3. If an action of G on M is transitive and H is a fixed point
subgroup then there is a bijection between G/H and M .
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6 Lie group and Lie algebra

In this section, we will examine continuous groups or topological groups.
These groups, as their name suggests, are groups that can be moved from
one point to another point in the group by continuously changing one or more
parameters, and then we will define the Lie group and the characteristics of
this group. Therefore, at the beginning, we define topology and manifolds,
and by using them, we get to know topology groups, Lie groups, and Lie
algebras.

6.1 Topology

Definition 6.1. Let X be a set. A topology on X is a collection τ of
subsets of X that satisfy the following three requirements:

1. ∅ ∈ τ and X ∈ τ

2. Given U ⊂ τ , we have ∪{U : U ∈ U} ∈ τ (Closure under arbitrary
unions)

3. Given U1 and U2 ∈ τ , we have U1 ∩ U2 ∈ τ(Closure under finite inter-
sections)

Members of a topology are called open sets.

Example 6.1 (Discrete topological space). Let X be an arbitrary set, τ =
P(X ) where P(X ) is the power set of X : the set of all subset of X . Then τ
is called the discrete topology.

Example 6.2. When τ = {∅,X} then is called the indiscrete topology.

Definition 6.2. The elements of the Euclidean topology on Rn are unions
of open balls in Rn. This topology is donated by ||.||n.

Definition 6.3. A set X together with a topology τ on X form a topological
space. This is denoted by the pair (X , τ).

We will not go further into the basic definitions of topology due to the
large amount of material and the interestingness of the theorems, and it is
suggested that if you are interested in these materials, refer to [10] [27] [28]
[29] [30] [31] [32].
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6.2 Manifold

Definition 6.4. M is an m-dimensional differentiable manifold if:

1. M is a topological space.

2. M is provided with a family of pairs {(Ui, ϕi)}.

3. {Ui} is a family of open sets which covers M , that is,∪iUi = M . ϕi is
a homeomorphism from Ui onto an open subset U

′
i of Rm.

4. Given Ui and Uj such that Ui ∩ Uj = ∅, the map ψij = ϕi ◦ ϕ−1
j from

ϕj(Ui ∩ Uj) to ϕi(Ui ∩ Uj) is infinitely differentiable.

In Figure 10 we have shown.

Figure 10: A homomorphism ϕi maps Ui onto an open subset U
′
i ⊂ Rm,

providing coordinates to a point p ∈ Ui. If Ui ∩ Uj = ∅, the transition from
one coordinate system to another is smooth.

The pair (Ui, ϕi) is called a chart while the whole family {(Ui, ϕi)} is
called, for obvious reasons, an atlas. The subset Ui is called the coordi-
nate neighborhood while ϕi is the coordinate. On the other hand, the
homeomorphism ϕi is represented by m functions {x1(p), . . . , xm(p)}. The
set {xi(p)} is also called the coordinate.
If the union of two atlases {(Ui, ϕi)} and {(Vj, ψj)} is again an atlas, these
two atlases are said to be compatible. The compatibility is an equivalence
relation, the equivalence class of which is called the differentiable struc-
ture.
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Example 6.3. The Euclidean space Rn is the most trivial example, where
a single chart covers the whole space and ϕ may be the identity map.

Definition 6.5. Let F :M → N be a map from an m-dimensional manifold
M to an n-dimensional manifold N . A point p ∈ M is mapped to a point
F (p) ∈ N and take a chart (U, ϕ) on M and (V, ψ) on N, where p ∈ U and
F (p) ∈ V . Then F has the following coordinate presentation:

ψ ◦ F ◦ ϕ−1 : Rm → Rn (1)

Now if we write ϕ(p) = {xi} and ψ(F (p)) = {yj} then y = ψ ◦F ◦ ϕ−1(x). If
y = ψ ◦ F ◦ ϕ−1(x), or simply yj = F j(xi), is C∞ with respect to each xi, F
is said to be differentiable at p.

Let’s define the tangent vectors and then the tangent space to the mani-
fold at a point. In the future, we will see that by using these definitions, we
can generalize the concept of generators in Lie groups, and it will help us a
lot in the theory of groups.

6.3 Tangent vectors and tangent fields

Definition 6.6. A tangent vector or contravariant vector, or simply a
vector at p0 ∈M , where M is an n-dimensional manifold, call it X, assigns
to each chart (U, x) holding p0, an n-tuple of real numbers

X i
U = (X1

U , . . . , X
n
U) (2)

such that if p0 ∈ U ∩ V , then

X i
V =

∑
j

[
∂xiV
∂xjU

(p0)

]
X i
U (3)

and in matrix notation

XV = cV UXU (4)

where cV U is called transition function that is the n× n Jacobian matrix
at the point p0.

Now we can define a new definition that considers vectors as differential
operators.
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Definition 6.7. In Euclidean space, an important role is played by the
notation of differentiating a function f with respect to a vector at the point
p

Dv(f) =
d

dt
[f(p+ tv)]t=0 (5)

and if (x) is any cartesian coordinate system we have

Dv(f) =
∑
j

[
∂f

∂xj

]
(p)vj (6)

This is the motivation for a similar operation on function on any manifold
M .
If X is a vector at p ∈ Mn we define the derivation of f with respect to the
vector X by

Xp(f) := DX(f) :=
∑
j

[
∂f

∂xj

]
(p)Xj (7)

So we can define

Xp =
∑
j

Xj ∂

∂xj

∣∣∣∣
p

(8)

Definition 6.8. The tangent space to Mn at the point p ∈ Mn, written
Mn

p or TpM
n, is the real vector space consisting of all tangent vectors to Mn

at p. If (x) is a coordinate system holding p, then the n vectors

∂

∂X1

∣∣∣∣
p

, . . . ,
∂

∂Xn

∣∣∣∣
p

(9)

form a basis of this n-dimensional vector space and this basis is called a
coordinate basis or coordinate frame.

Definition 6.9. A vector field on an open set U will be the differentiable
assignment of a vector X to each point of U ; in terms of local coordinates

X =
∑
j

Xj(x)
∂

∂xj
(10)

where the components xj are differentiable functions of (x). In particular,
each ∂

∂Xi is a vector field in the coordinate patch. To make it easier to
understand the definition, see Figure 11.

For more on manifolds and differential geometry, see [10] [11] [33] [34].
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Figure 11: A coordinate basis, e1 =
∂

∂X1 |p , e2 = ∂
∂X2 |p , e2 = ∂

∂X3 |p in TpM
which are tangent to M .

6.4 Topological group

Definition 6.10. A topological group (G, ∗, τ) consists of a group (G, ∗)
and a topology τ on G and there is a continuous map which

κ : G×G→ G , (g, h) 7→ g−1h (11)

We then call τ a group topology on G.

We can define topological groups in another way, which we will need in
the future

Definition 6.11. A topological group (G, ∗, τ) consists of a group (G, ∗)
and a topology τ on G for which the multiplication map

G×G→ G , (g, h) 7→ g ∗ h = gh (12)

and the inversion map

G→ G , g 7→ g−1 (13)

6.5 Lie group

After all the definitions of topology, manifold, and its details and topological
group, we will define the Lie group.

Definition 6.12. A Lie group is a differentiable manifold G endowed with
a product, that is, a map

G×G→ G , (g, h) 7→ gh (14)

making G into a group. We demand that this map, as well as the inversion
map

G→ G , g 7→ g−1 (15)

be differentiable.
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Example 6.4. Consider SL2(R) = SL(2,R). From eq.3 we know

g(ϵ0, ϵ1, ϵ2, ϵ3) =

(
ϵ0 + ϵ3 ϵ1 − ϵ2
ϵ1 + ϵ2 ϵ0 − ϵ3

)
(16)

On the other hand, det(g) = 1, so

ϵ20 − ϵ21 − ϵ22 + ϵ23 = 1 (17)

Therefore manifold SL(2,R) is a hyperbole in 3-dimensional and

g(ϵ0, ϵ1, ϵ2, ϵ3)g(θ0, θ1, θ2, θ3) = g(ϵ0 + θ0, ϵ1 + θ1, ϵ2 + θ2, ϵ3 + θ3) (18)

g(ϵ0, ϵ1, ϵ2, ϵ3) = g(−ϵ0,−ϵ1,−ϵ2,−ϵ3) (19)

So SL(2,R) is a Lie group.

Example 6.5. Consider SO2(R) = SO(2,R). From eq.23 we obtain the
generators and every element is

g(ϵ0, ϵ1, ϵ2, ϵ3) =

(
ϵ0 + iϵ3 iϵ1 − ϵ2
iϵ1 + ϵ2 ϵ0 − iϵ3

)
(20)

So the manifold of the Lie group SO(2,R) is a sphere in 3-dimensional and
we have

g(ϵ0, ϵ1, ϵ2, ϵ3)g(θ0, θ1, θ2, θ3) = g(ϵ0 + θ0, ϵ1 + θ1, ϵ2 + θ2, ϵ3 + θ3) (21)

g(ϵ0, ϵ1, ϵ2, ϵ3) = g(−ϵ0,−ϵ1,−ϵ2,−ϵ3) (22)

So SO(2,R) is a Lie group.

Example 6.6. Consider G = U(1) and g = eiθ ∈ U(1) so the manifold G is
S1 and the map and inversion are

g(θ)g(ϕ) = g(θ + ϕ) (23)

g−1(θ) = g(−θ) (24)

So U(1) is a Lie group.

Example 6.7. Consider SU(2,R). From eq.27

g =

(
ϵ0 + iϵ3 −ϵ2 + iϵ1
ϵ2 + iϵ1 ϵ0 − iϵ3

)
So

ϵ20 + ϵ21 + ϵ22 + ϵ23 = 1 (25)

Therefore manifold SU(2,R) is a sphere in 3-dimensional and

g(ϵ0, ϵ1, ϵ2, ϵ3)g(θ0, θ1, θ2, θ3) = g(ϵ0 + θ0, ϵ1 + θ1, ϵ2 + θ2, ϵ3 + θ3) (26)

g(ϵ0, ϵ1, ϵ2, ϵ3) = g(−ϵ0,−ϵ1,−ϵ2,−ϵ3) (27)

So SU(2,R) is a Lie group.
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6.6 Lie algebra

Definition 6.13. A Lie algebra is a vector space g over a field F with an
operation [, ] : g× g → g which we call a Lie bracket , such that

1. ∀x, y ∈ g , [x, y] = −[y, x] Skew symmetric

2. ∀x, y, z ∈ g , [[x, y], z] + [[y, z], x] + [[z, x], y] = 0 Jacobi Identity

Example 6.8. Consider R3 with the exterior product, [−→a ,
−→
b ] = a× b is Lie

algebra.

Example 6.9. In classical mechanics, the function space in phase space by
Lie bracket that is Poisson bracket, is a Lie algebra.

[f, g](p, q) =
n∑
i=1

[
∂f

∂qi

∂g

∂pi
− ∂g

∂qi

∂f

∂pi

]
(28)

Example 6.10. Let A = Mn×n be a vector space, then by commutator
bracket, A is a Lie algebra.

Example 6.11. Consider U = TpM
n is a tangent space of manifold Mn.

Then by commutator bracket, U is a Lie algebra.

Example 6.12. If Bn(R) = {aij ∈ GLn(R) | aij = 0 for i > j} be a vector
space then, bn(R) by commutator bracket is a Lie algebra.

Now that we have defined Lie algebra, we want to define the Lie algebra
of the Lie group and use it to obtain the elements of the Lie group. As we
know from Definition 6.12, a Lie group is a differentiable manifold with some
properties, and from Definition 6.13, we got a Lie algebra is a vector space g
by Lie bracket. Now we want to know what is the relation between the Lie
group and Lie algebra and if is there any relation or not.

Definition 6.14. A Lie algebra homomorphism (isomorphism) is a
linear homomorphism (isomorphism) between Lie algebras f : g1 → g2 such
that for all x, y ∈ g1, f([x, y]) = [f(x), f(y)].

Definition 6.15. Let (G, ∗) be a Lie group and let Lg : G → G be the
left multiplication diffeomorphism h 7→ g ∗ h. A vector field X is called
left-invariant if (Lg) ∗X = X for all g ∈ G.

Definition 6.16. Let (G, ∗) be a Lie group and V is a vector field of manifold
G, then Lie(G) is the set of all left-invariant vector fields on a Lie group G.
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Theorem 6.1. The evaluation map π : Lie(G) → TeG is a linear isomor-
phism.

So if G is a Lie group that is an n-dimensional real manifold. Then Lie(G)
is an n-dimensional real vector space.

Theorem 6.2. Lie(G) is a Lie algebra under the bracket operation [X, Y ] =
X ◦ Y − Y ◦X.

Definition 6.17. Let G be a Lie group. The Lie algebra of G, denoted g,
is TeG under the bracket operation [X, Y ] = X ◦ Y − Y ◦X.

Now suppose {T1, . . . , Tn} are the basis of the Lie algebra g. So from
Definition 6.13, because g is a vector space we have

[Ti, Tj] = fkijTk (29)

where fkij is called the Structure constants of the Lie algebra and from the
Jacobi Identity we have

fmij f
n
mk + fmjkf

n
mi + fmki f

n
mj = 0 (30)

Theorem 6.3. Consider a map exp : g → G that is called Expotential
map. Let’s suppose {T1, . . . , Tn} are the basis of g. Then {T1, . . . , Tn} are
the generators of the Lie group G.

So from Theorem 6.3, we can consider every element of the Lie group can
obtain

g = eθ
iTi (31)

and the generators

Ti =
∂g

∂θi

∣∣∣∣
θi=0

(32)

Theorem 6.4. For any matrix A, det eA = etr A.

Proof. Consider A is a n-dimensional matrix with eigenproblem, Av = λv,
then from the power series for eA we have eAv = eλv. So the eigenvalues of
eA is exp(λ1), . . . , exp(λn) then

det eA = Πiexp(λi) = etr A (33)
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Now we will examine Lie algebra for the groups we were familiar with.

Example 6.13. We know the generators of SL(2,R) are

T1 =

(
0 1
1 0

)
, T2 =

(
0 −1
1 0

)
, T3 =

(
1 0
0 −1

)
(34)

or for simply

S1 =
1

2

(
0 1
1 0

)
, S2 =

1

2

(
0 1
−1 0

)
, S3 =

1

2

(
1 0
0 −1

)
(35)

So the Lie algebra of SL(2,R) is sl(2,R) and the bases are 35 with commu-
tation relations is

[S1, S2] = −S3 , [S2, S3] = −S1 , [S3, S1] = −S2 (36)

Therefore from Theorem 6.4

sl(2,R) = {X ∈M2×2(R) | tr(X) = 0} (37)

Example 6.14. Consider SO(2,R). The generators from eq.23 are

T1 =

(
0 1
1 0

)
=M23 , T2 =

(
0 −1
1 0

)
= σ31 , T3 =

(
1 0
0 −1

)
=M12

(38)

So so(2,R) is a Lie algebra and commutation relations is

[T1, T2] = −T3 , [T2, T3] = −T1 , [T3, T1] = −T2 (39)

Therefore

so(2,R) = {X ∈M2×2(R) | XT = −X−1 , tr(X) = 0} (40)

Example 6.15. Let’s consider SU(2,R). From eq.27 the generators are

T1 = i

(
0 1
1 0

)
= iσ1 , T2 = i

(
0 −i
i 0

)
= iσ2 , T3 = i

(
1 0
0 −1

)
= iσ3

(41)

and the commutation relations are

[T1, T2] = −T3 , [T2, T3] = −T1 , [T3, T1] = −T2 (42)

So su(2,R) is a Lie algebra of the Lie group SO(2,R) and

su(2,R) = {X ∈M2×2(R) | X† = −X−1 , tr(X) = 0} (43)
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7 Representations theory

In this section, we define representation theory in groups, Lie groups, and
Lie algebras. In simple words, the representation of a group is to assign to
each element of the group, g, a matrix-like D(g) that does not change the
multiplication table of the group.
In order to better understand why we need to display groups, let me give an
example. Suppose we have a group like G = {e, a}, and we have an object
like a flower. Suppose the action of an on this flower causes the flower to
rotate 180 degrees relative to the x-axis. We do not know exactly how this
element of the group acts on a flower in space. For this to happen, we have
to consider the flower as a quantum state |ψ⟩ in the Hilbert space H and
consider the action of the element on the flower as an operator that

A(a) : H → H (1)

so we have A(a) |ψ⟩. On the other hand, we expect that the inner product
of our quantum state does not change with itself, so A(a) must be a unitary
operator. Now, if this Hilbert space has bases, then A(a) can be represented
as a matrix in terms of those bases.

7.1 Representation of a group

Definition 7.1. Let G be a group. A representation D of G is a homomor-
phism from G to the endomorphism group of a vector space V over a field F
(End(V )).

D : G→ End(V ) (2)

Note that for D to be a homomorphism, it needs to satisfy for all g, h ∈ G

• D(g)D(h) = D(gh)

• D(e) = I

Example 7.1. Consider C4, the cyclic group of order 4

C4 = {e, a, a2, a3} (3)

Let’s consider

D(e) =

(
1 0
0 1

)
, D(a) =

(
0 −1
1 0

)
D(a2) =

(
−1 0
0 −1

)
, D(a3) =

(
0 1
−1 0

)
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and D(a4) =

(
1 0
0 1

)
= D(e). So this is one of the representations of C4 in

2-dimensional. Let’s represent C4 in 1-dimensional. Consider einπ and then

D(e) = 1 , D(a) = e
iπ
4 , D(a2) = e

2iπ
4 , D(a3) = e

3iπ
4 (4)

Example 7.2. Let’s G be any group and define

D : G→ End(V ) (5)

by

∀g ∈ G | D(g) = I (6)

Then this is a Trivial representation of G.

Example 7.3. Let’s consider Pauli’s group that is defined in 8. We can
represent this group in 2-dimensional

D(σ1) =

(
0 1
1 0

)
, D(σ2) =

(
0 −i
i 0

)
, D(σ3) =

(
1 0
0 −1

)
(7)

which for simply D(σi) = σi.

Example 7.4. ConsiderG = Sn. So the representation of Sn in 1-dimensional
is

D(g) = 1 , g is even permutation

D(g) = −1 , g is odd permutation

Theorem 7.1. If D : G → End(V ) is a representation and S ∈ End(V ) is
a linear transformation then D′ = SDS−1 is a representation.

Proof. Let’s assume D′ = SDS−1 is a representation so

D
′
(g1)D

′
(g2) = SD(g1)S

−1SD(g2)S
−1 = SD(g1)D(g2)S

−1

= SD(g1g2)S
−1 = D

′
(g1g2) (8)

So D′ = SDS−1 is a representation of G.

Definition 7.2. Let’s D : G → End(V ) and D
′
: G → End(V ) are two

representations of G. Then if there is S ∈ End(V ) that D′ = SDS−1 the
representations are equivalent.
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Example 7.5. Consider Z = {e, a}. Then we can obtain two representation

D(e) =

(
1 0
0 1

)
, D(a) =

(
0 1
1 0

)
(9)

and

D
′
(e) =

(
1 0
0 1

)
, D

′
(a) =

(
1 0
0 −1

)
(10)

These two representation of Z is equivalent cause there is S = 1√
2

(
1 1
1 −1

)
which D′(g) = SD(g)S−1 for all g ∈ G.

Definition 7.3. Let’s consider D1 : G → End(V ) and D2 : G → End(W ).
Then there is a representation of G

(D1 ⊕D2)(g) : G→ End(V ⊕W ) (11)

and

(D1 ⊕D2)(g) =

(
D1(g) 0
0 D2(g)

)
(12)

Definition 7.4. A non-zero representation V of G or g is called irreducible
if it has no subrepresentations other than 0, V . Otherwise, V is called re-
ducible.

This definition means that the representation that cannot be diagonalized
in any basis is irreducible representation.

Example 7.6. Consider Z = {e, a}. We know the 1-dimensional represen-
tations of Z are

D(e) = 1 , D(a) = 1 (13)

and

D
′
(e) = 1 , D

′
(a) = −1 (14)

and the 2-dimensional representations are

D
′′
(e) =

(
1 0
0 1

)
, D

′′
(a) =

(
0 1
1 0

)
(15)

But from Example 7.5 we obtain S and the representation in 2-dimensional
is diagonal so D

′′
(g) = D(g)⊕D

′
(g).
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Now we will state two simple theorems that will help us prove some
concepts in the future.

Theorem 7.2. Any representation of a finite group is equivalent to Unitary
representation of the finite group.

Proof. Let’s consider D : G → End(V ) and we have an inner product such
that

< x, y >:=
∑
g

(D(g)x,D(g)y) (16)

Therefore

< x, y >=< D(g)x,D(g)y > (17)

Now assume {ei}Ni=1 and {e′i}Ni=1 are basis of (, ) and <,>, respectively and
there is S which

Sei = e
′

i (18)

So

< Sx, Sy >=< S(xiei), S(yjej) >= xiyj < e
′

i, e
′

j >= (x, y) (19)

Then

(D(g)x,D(g)y) = (S−1D(g)Sx, S−1D(g)Sy) = Sx, Sy = (x, y) (20)

Therefore D is a Unitary representation.

Theorem 7.3. If M commutes with unitary matrix U then hermitian ma-
trices M± are commute with U where

M+ =M +M † , M− = i(M −M †) (21)

Proof. If [M,U ] = 0 then we have [M †, U ] = 0 so

[M+, U ] = [M +M †, U ] = [M,U ] + [M †, U ] = 0 → [M+, U ] = 0 (22)

[M−, U ] = [i(M −M †), U ] = i[M,U ]− i[M †, U ] = 0 → [M−, U ] = 0 (23)
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7.1.1 Schur’s lemma

An important theorem, which is used to derive a lot of results on the irre-
ducible representations of finite and compact groups is that known as Schur’s
lemma [35] [36] [37].

Lemma 1 (Schur’s first lemma). If D is an irreducible representation of
finite group G and M is a matrix that commutes with D(g) for all g ∈ G
then M = λI for some λ ∈ C.

Proof. First from Theorem 7.2 and 7.3 we know D is a unitary representation
and M+ is commutes with D, so

∀g ∈ G | [D(g),M+] = 0 (24)

On the other hand cause M+ is a hermitian matrix so the eigenvectors are
the basis of the vector space and we have

M+ |mi
n⟩ = λn |mi

n⟩ (25)

where i is the degenerate. Now from eq.24 we obtain

M+(D(g) |mi
n⟩) = λ(D(g) |mi

n⟩) (26)

So

D(g) =

D1(g) 0 . . . 0
0 D2(g) . . . 0
...

... . . .
...

 (27)

where D1(g) is a matrix with n1-dimensional etc but because D is a irre-
ducible representation so M+ = αI and for M− we have the same way so we
obtain M = λI for some λ ∈ C.

Lemma 2. If D and D
′
are irreducible representations of finite group G with

dimension d and d
′
, respectively and there is d× d

′
matrix M such satisfy

∀g ∈ G , D(g)M =MD
′
(g) (28)

if d and d
′
are not equal then M = 0 and if d and d

′
are equal then M is

invertible matrix.
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Proof. Assume V is a vector space and the bases are {|mi⟩}di=1. So the
representation D is

D(g) |mi⟩ =
d∑
j=1

(D(g))ji |mj⟩ (29)

and every vector in V is shown by

|ϕi⟩ =
d∑
j=1

Mji |mj⟩ (30)

Now

D(g) |ϕi⟩ =
d∑
j=1

MjiD(g) |mj⟩ =
d∑
j=1

d∑
k=1

Mji(D(g))kj |mk⟩ =
d∑
i=1

D
′
(g)ik |mi⟩

Therefore, the actionD(g) on each of the vectors is again a linear combination
of the same vectors in our vector space but D is an irreducible representation,
the vector space must be ∅ or V . If ∅ we have

∀i , |mi⟩ = 0 →M = 0 (31)

If V is a vector space we have two cases. If |mi⟩ are independent then d = d
′

and det(M) ̸= 0 and if |mi⟩ are dependent then d
′
> d. Now if we construct

for the transpose of M then we conclude if d ̸= d
′
then M = 0 and if d

′
= d

then det(M) ̸= 0.

7.2 Representations of Lie algebras

Definition 7.5. A representation of a Lie algebra g is a Lie algebra
homomorphism

ρ : g → End(g) (32)

Definition 7.6. If A ∈ g, we define Adjoint action of A on g as the
endomorphism ad(A) : g → g with ad(A)(B) = [A,B] for all B ∈ g. The
map ad : g → End(g) is called the Adjoint representation of g.

Definition 7.7. Let’s g is a finite dimension the trace of the composition of
two such endomorphisms defines a symmetric bilinear form

K(x, y) = tr(ad(x) ◦ ad(y)) (33)

is called Killing form of g.

47



Now, like the representation theory of groups, we can define equivalence
definitions for the representation theory of Lie algebras

Definition 7.8. A subspace W of V is called invariant if

ρ(g) = {ρ(x)w | x ∈ g , w ∈ W} ⊆ W (34)

A representation ρ of g on V is reducible if a proper nonvanishing invariant
subspace W of V exists.
A representation ρ of g on V is irreducible if no nontrivial invariant subspace
of V exists [38].

7.2.1 Schur’s lemma

Lemma 3. Let g be a complex Lie algebra and ρ its representation on a
finite-dimensional vector space V

• Let ρ be irreducible. Then any operator A on V which commutes with
all ρ(x),

∀x ∈ g | [A, ρ(x)] = 0 (35)

has the form A = λI for some complex number λ.

• Let ρ be fully reducible and such that every operator A on V which
commutes with all ρ(x) has the form A = λI for some complex number
λ. Then ρ is irreducible.

Therefore, according to Schur’s lemmas for the representation theory of
Lie algebras, if we can find an operator or operators that commute with the
bases of our Lie algebras, then the representations of Lie algebra are irre-
ducible.
In order to find these operators, it is necessary to know Universal en-
veloping algebras, which is discussed in detail in [39] [40] [41] [42], and
we only examine the formation of these operators, which are called Casimir
operators, in Lie algebras and apply them in the last chapters.
Let us consider a semisimple complex Lie algebra g [43] with d-dimensional
and its Killing form K. Consider {ei}di=1 and {e′i}di=1 are basis of g and dual,
respectively such that

K(ei, e
′j) = δji (36)

and we have

[ei, ej] = fkijek (37)
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where fkij is structure constant. So from the property of the Killing form

K(ei, [ej, e
′k]) = −K([ei, ej], e

′k) = −fmijK(em, e
k) = −fmij δkm = −fkij (38)

= K(ei,
d∑

m=1

fkjme
′m) (39)

So

[ej, e
′k] =

d∑
m=1

fkjme
′m (40)

Let’s construct an element of the universal enveloping algebra U(g) of the
form

C =
d∑
i=1

ei ⊗ e
′i =

d∑
i=1

e
′i ⊗ ei (41)

Now commute C with any elements of g

∀ej ∈ g | [ej, C] = [ej,
d∑
i=1

ei ⊗ e
′i] =

d∑
i=1

[ej, ei ⊗ e
′i] = 0 (42)

So C is a Casimir operator of g. It is called the quadratic Casimir
operator [38].

7.3 Irreducible Representation of su(2)

As before we obtain the generators of SU(2) group then because the SU(2)
algebra is a Lie algebra, the generators are the basis of su(2). Now we want
to obtain the irreducible representation of this algebra and in the future,
these representations help us to obtain the irreducible representations of the
Poincaré group. Let’s rewrite the generators or basis of su(2)

T1 =
1

2

(
0 1
1 0

)
=

1

2
σ1 , T2 =

1

2

(
0 −i
i 0

)
=

1

2
σ2 , T3 =

1

2

(
1 0
0 −1

)
=

1

2
σ3

So the commutator relation is

[Ti, Tj] = iϵijkTk (43)

Let’s define the two operators are called Raise and Lower operator

T± = T1 ± iT2 (44)
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Notice that formally, these are not elements of the algebra su(2) since we have
taken a complex linear combination of the generators. These are elements of
the complex algebra denoted by A1 [38]. So

[T±, T3] = ±T± (45)

[T+, T−] = 2T3 (46)

Now we can define Casimir operator

C = T 2
1 + T 2

2 + T 2
3 (47)

so C commutes with all generators(basis) of su(2). Therefore [C, T3] = 0 and
eigenstates of T3 is

T3 |j,m⟩ = m |j,m⟩ (48)

The operators T± raise and lower the eigenvalue of T3 since using

T3T± |j,m⟩ = ([T3, T±] + T±T3) |j,m⟩ = (m± 1)T± |j,m⟩ (49)

We are interested in finite representations and therefore there can only exist
a finite number of eigenvalues m in a given representation. Consequently,
there must exist a state which possess the highest eigenvalue of T3 which we
denote j

T+ |j, j⟩ = 0 (50)

Again, since the representation is finite there must exist a positive integer l
such that

(T−)
l+1 |j, j⟩ = 0 (51)

and we can rewrite the Casimir operator by raising and lowering the operator

C = T 2
1 + T 2

2 + T 2
3 = T 2

3 +
1

2
(T+T− + T−T+) (52)

so

C |j, j⟩ = [T 2
3 +

1

2
(T+T− + T−T+)] |j, j⟩ = j(j + 1) |j, j⟩ (53)

Then

C |j,m⟩ = j(j + 1) |j,m⟩ (54)
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where |j,m⟩ = (T−)
n |j, j⟩ = |j, j − n⟩. From Schur’s lemma, in an irre-

ducible representation, the Casimir operator has to be proportional to the
unity matrix and so

C = T2 = j(j + 1)I (55)

Now from eq.52 we have

T+T− = C − T 2
3 + T3

T+T−(T−)
l+1 |j, j⟩ = [j(j + 1)− (j − l)2 + (j + l)] |j, j⟩ = 0

so

j(j + 1)− (j − l)2 + (j + l) = (2j − l)(l + 1) = 0 (56)

Since l is a positive integer, the only possible solution is l = 2j. Therefore,
the spin satisfy is j = 0, 1

2
, 1, 3

2
, . . .
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8 Lorentz Group

As stated in the definition of the orthogonal group, a group represented by
O(p, q) is a group preserving the inner product < −→x ,−→y >= x†ηy, where η
is called the metric. A subgroup of this group is called the Lorentz group
and is represented by x. In this section, we will review everything we have
learned so far for the Lorentz group and in the next section for the Poincaré
group. First, we review special relativity.

8.1 Special relativity

In 1905, Albert Einstein caused a great revolution in physics and mathemat-
ics by presenting his special theory of relativity [44] [45]. This theory is based
on two principles:

• The velocity of light is the same in all internal systems.

• The fundamental laws of physics have the same form in all internal
systems.

From the second principle, a point in Minkowski space the contravariant
space-time four-vector

xµ = (x0, x1, x2, x3) = (ct, xi) = (ct,x) (1)

and from the first principle follows for light in two different internal systems
we have

(ct)2 − x2 = (ct
′
)2 − x

′2 (2)

This condition defines the Minkowski metric

gµν =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 (3)

We can rewrite eq.2 as below

gµνx
µxν = gµνx

′µx
′ν (4)

Now from the metric 3 we can define the covaraint space-time four-vector

xµ = gµνx
ν (5)
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where

xµ = (x0, x1, x2, x3) = (ct,−xi) = (ct,−x) (6)

So the eq.4 is the inner product in Minkowski space-time and is invariant in
different internal systems

xµxµ = x
′µx

′

µ (7)

Furthermore, the obvious identity

gµνδ
ν
κ = gµκ (8)

where

gνµ = δµν =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 (9)

Let’s consider the contravariant energy-momentum four-vector. First from
the second principle

E2 =M2c4 + p2c2 , E
′2 =M2c4 + p

′2c2 (10)

so

(
E

c
)2 − p2 = (

E
′

c
)2 − p

′2 (11)

Therefore the contravariant energy-momentum four-vector is

pµ = (p0, p1, p2, p3) = (
E

c
, pi) = (

E

c
,p) (12)

and we have

gµνp
µpν = gµνp

′µp
′ν (13)

So the covariant energy-momentum four-vector is

pµ = (p0, p1, p2, p3) = (
E

c
,−pi) = (

E

c
,−p) (14)

and the same eq.7 we have

pµpµ = p
′µp

′

µ (15)

Now from eqs.10 and 11 we obtain

pµpµ =M2c2 (16)

53



8.2 Defining of Lorentz group

Now, as we said before, the orthogonal group was the set of elements that
maintained our usual inner product. As you have seen, in special relativity
our space is Minkowski space and its inner product depends on Minkowski
metric 3. Now we want to check what elements preserve this inner product.
We denote the set of all these elements by O(1, 3) where 1 represents time
and 3 represents space coordinates.

Definition 8.1. A set of matrices that are Λ†gΛ = g which g is a Minkowski
metric is a Lorentz group and denoted by O(1, 3).

We consider that the two internal systems are connected by a linear co-
ordinate transformation Λ which is called Lorentz transformation

x
′µ = Λµνx

ν (17)

Now, to show that the set of Λ with multiplication forms a group, we check
the condition of the group

• Close

∀Λ1,Λ2 ∈ O(1, 3) | (Λ1Λ2)
†g(Λ1Λ2) = Λ†

2Λ
†
1gΛ1Λ2

= Λ†
2gΛ2

= g

• Associativity

∀Λ1,Λ2,Λ3 ∈ O(1, 3) | [(Λ1Λ2)Λ3]
†g[(Λ1Λ2)Λ3] = Λ†

3[Λ
†
2(Λ

†
1gΛ1)Λ2]Λ3

= Λ†
3(Λ

†
2gΛ2)Λ3

= Λ†
3gΛ3

= g

• Identity element

∃Λe, ∀Λ ∈ O(1, 3) | (ΛeΛ)
†g(ΛeΛ) = Λ†gΛ = g

• Inverse element

∀Λ,∃Λ−1 ∈ O(1, 3) | Λ−1†gΛ−1 = g

So O(1, 3) is a group. Now we can be classified with respect to the following
two properties:
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1. From O(1, 3) we have

Λ†gΛ = g , det(Λ†gΛ) = det(Λ†)det(g)det(Λ) = det(g)(detΛ)2 = det(g)

→ (det Λ)2 = 1

→ det(Λ) = ±1 (18)

2. From condition of O(1, 3) we have

ΛσµgσρΛ
ρ
ν = gµν (19)

and for µ = ν = 0

Λσ0gσρΛ
ρ
0 = (Λ0

0)
2 − (Λi0)

2 = g00 = 1

So

(Λ0
0)

2 = 1 + (Λi0)
2 ≥ 1 (20)

A Lorentz transformation Λ with Λ0
0 ≥ 1 is called orthochronous and

Λ0
0 ≤ −1 is called non-orthochronous.

So O(1, 3) has 4 districts such that

O(1, 3)+↑ = {Λ ∈ O(1, 3) | det(Λ) = 1 , Λ0
0 ≥ 1}

O(1, 3)+↓ = {Λ ∈ O(1, 3) | det(Λ) = 1 , Λ0
0 ≤ −1}

O(1, 3)−↑ = {Λ ∈ O(1, 3) | det(Λ) = −1 , Λ0
0 ≥ 1}

O(1, 3)−↓ = {Λ ∈ O(1, 3) | det(Λ) = −1 , Λ0
0 ≤ −1} (21)

As it is known, O(1, 3) is not a continuous group (topological group) so
we can not define the generators. From O(1, 3) and the districts we know
O(1, 3)−↑ and O(1, 3)−↓ are not subgroup of O(1, 3) cause det(Λ1)det(Λ2) =

1 /∈ O(1, 3)−↑ or O(1, 3)
−
↓ . In fact, these districts are about time reversal and

parity inversion. The important district is O(1, 3)+↑ which is a subgroup and
is called Special Lorentz group.

8.3 Generators

As we had in the previous chapters, we can obtain the generators of a group
with infinitesimal transformations around the Identity element. So

Λ ≈ I + L (22)
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and from another condition

gL+ L†g = 0 (23)

so we obtain

L =


0 θ1 θ2 θ3
θ1 0 −ϵ3 ϵ2
θ2 ϵ3 0 −ϵ1
θ3 −ϵ2 ϵ1 0


= θ1M1 + θ2M2 + θ3M3 + ϵ1L1 + ϵ2L2 + ϵ3L3 (24)

where

M1 =


0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

 , M2 =


0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0

 , M3 =


0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0

 (25)

L1 =


0 0 0 0
0 0 0 0
0 0 0 −1
0 0 1 0

 , L2 =


0 0 0 0
0 0 0 1
0 0 0 0
0 −1 0 0

 , L3 =


0 0 0 0
0 0 −1 0
0 1 0 0
0 0 0 0


(26)

So all elements of O(1, 3)+↑ can generated by θi and ϵi

Λ = e
−→
θ .

−→
M+−→ϵ .

−→
L (27)

Now we want to prove that the Mi and Li are generators of Boost and

Rotation, respectively and
−→
θ and −→ϵ are the direction of boost and rotation.

• Boost.

Consider
−→
θ = (θ1, 0, 0) so

Λ = eθ1M1 =
∞∑
n=0

(θ1M1)
n

n!
=

∞∑
even

(θ1M1)
2n

2n!
+

∞∑
odd

(θ1M1)
2n+1

(2n+ 1)!
(28)

we know

M2n
1 =M2

1 =


1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

 , M2n+1
1 =M1 =


0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0


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so

Λ = eθ1M1 =M2
1

∞∑
even

θ2n1
2n!

+M1

∞∑
odd

θ2n+1
1

(2n+ 1)!

= I +M2
1 (cosh θ1 − 1)−M1 sinh θ1 =


cosh θ1 − sinh θ1 0 0
− sinh θ1 cosh θ1 0 0

0 0 1 0
0 0 0 1


(29)

On the other hand from Lorentz’s transformation, we have

t
′
= cosh θ1t− sinh θ1x

x
′
= cosh θ1x− sinh θ1t

y
′
= y

z
′
= z

so Lorentz’s transformation matrix is
t
′

x
′

y
′

z
′

 =


cosh θ1 − sinh θ1 0 0
− sinh θ1 cosh θ1 0 0

0 0 1 0
0 0 0 1



t
x
y
z

 (30)

Therefore from eqs.29 and 30, we conclude M1 is one of the generators
of boost in direction x so the Mi are the generators of the Boost.

• Rotation

Consider −→ϵ = (ϵ1, 0, 0)

Λ = eϵ1L1 =
∞∑
n=0

(ϵ1L1)
n

n!
=

∞∑
even

(ϵ1L1)
2n

2n!
+

∞∑
odd

(ϵ1L1)
2n+1

(2n+ 1)!
(31)

and

L2n
1 = (−1)n


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

 , L2n+1
1 = (−1)nL1 = (−1)n


0 0 0 0
0 0 0 0
0 0 0 −1
0 0 1 0


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So

Λ = eϵ1L1 = L2
1

∞∑
even

(−1)nϵ2n1
2n!

− L1

∞∑
odd

(−1)n+1ϵ2n+1
1

(2n+ 1)!

= I + L2
1(1− cos ϵ1) + L1 sin ϵ1 =


1 0 0 0
0 1 0 0
0 0 cos ϵ1 sin ϵ1
0 0 − sin ϵ1 cos ϵ1

 (32)

On the other hand, if we rotation coordinates along the x-axis we have

t
′
= t

x
′
= x

y
′
= cos ϵ1y + sin ϵ1z

z
′
= − sin ϵ1y + cos ϵ1z

and 
t
′

x
′

y
′

z
′

 =


1 0 0 0
0 1 0 0
0 0 cos ϵ1 sin ϵ1
0 0 − sin ϵ1 cos ϵ1



t
x
y
z

 (33)

So from eqs.32 and 33, L1 is the generator of rotation along the x-axis.
Therefore the Li are the generators of the Rotation.

8.4 Lorentz algebra

Now we obtain all the steps algebraically for the Lorentz group and show
what structure the Lie algebra or Lorentz algebra has.
The Λ is described in total by 16 degrees of freedom, where the invariance
19 leads to 10 restrictions. Therefore the dimension of the Lorentz group is
16− 10 = 6. Now by infinitesimally from the unity element we have

Λµν ≈ I + ωµν = gµν + ωµν (34)

Note ωµν is represent L in the previous section. Now from the condition of
the Lorentz group we obtain

ΛσµΛ
ρ
νgσρ = (gσµ + ωσµ)(g

ρ
ν + ωρν)gσρ

= gσµg
ρ
νgσρ + gσµω

σ
µgσρ + ωσµg

ρ
νgσρ + ωσµω

ρ
νgσρ

≈ gµν + ωµν + ωνµ = gµν (35)
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So

ωµν + ωνµ = 0 (36)

The set of all anti-symmetric 4 × 4 matrices ωµν , are called the Lorentz
algebra of the Lorentz group.
Now we can be represented the elements ωµν of the Lorentz algebra as

ωµν = gσµgκνωσκ =
1

2
(gσµgκν − gκµgσν )ωσκ (37)

So we can define

(Lσκ)µν = gσµgκν − gκµgσν (38)

By comparing 24 and 38, we find that these two equations are the same,
and therefore Lσκ is proportional to the generators obtained in the previous
section. So

Li =
1

2
ϵijkL

jk (39)

Mi = L0i (40)

Therefore from the Lie bracket in Lie algebra, Lµν are the basis of Lorentz
algebra and we can commute the generators so

([Lµν , Lσκ])αβ = (LµνLσκ)αβ − (LσκLµν)αβ = (Lµν)αm(L
σκ)mβ − (Lσκ)αm(L

µν)mβ

= (gµαgνm − gναgµm)(g
σmgκβ − gκmgσβ)

− (gσαgκm − gκαgσm)(g
µmgνβ − gνmgµβ)

= gµαgνmg
σmgκβ − gµαgνmg

κmgσβ − gναgµmg
σmgκβ + gναgµmg

κmgσβ

− gσαgκmg
µmgνβ + gσαgκmg

νmgµβ + gκαgσmg
µmgνβ − gκαgσmg

νmgµβ

= gµαgνσgκβ − gµαgνκgσβ − gναgµσgκβ + gναgµκgσβ − gσαgκµgνβ

+ gσαgκνgµβ + gκαgσµgνβ − gκαgσνgµβ

= gµκ(gναgσβ − gσαgνβ) + gνσ(gµαgκβ − gκαgνβ)

− gµσ(gναgκβ − gκαgνβ)− gνκ(gµαgσβ − gσαgµβ)

= (gµκLνσ + gνσLµκ − gµσLνκ − gνκLµσ)αβ (41)

So

[Lµν , Lσκ] = gµκLνσ + gνσLµκ − gµσLνκ − gνκLµσ (42)
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and from Lie algebra

[Lµν , Lσκ] = fµνσκϵζ Lϵζ (43)

where the structure constants are given by

fµνσκϵζ = gµκgνϵ g
σ
ζ + gνσgµϵ g

κ
ζ − gµσgνϵ g

κ
ζ − gνκgµϵ g

σ
ζ (44)

Now from 39, 40, and 43 we can obtain the commutation relation with the
boost and rotation generators

[Li, Ll] = [
1

2
ϵiµνL

µν ,
1

2
ϵlσκL

σκ] =
1

4
ϵijkϵlmn[L

µν , Lσκ] =
1

4
ϵiµνϵlσκf

µνσκ
ϵζ Lϵζ

=
1

4
ϵiµνϵlσκ(g

µκgνϵ g
σ
ζ + gνσgµϵ g

κ
ζ − gµσgνϵ g

κ
ζ − gνκgµϵ g

σ
ζ )L

ϵζ

=
1

4
ϵiµν(g

µκgνϵ ϵlζκ + gνσgµϵ ϵlσζ − gµσgνϵ ϵlσζ − gνκgµϵ ϵlζκ)L
ϵζ

=
1

4
(gµκϵiµϵϵlζκ + gνσϵiϵνϵlσζ − gµσϵiµϵϵlσζ − gνκϵiϵνϵlζκ)L

ϵζ

=
1

4
(ϵκiϵϵlζκ + ϵσiϵϵlσζ + ϵσiϵϵlσζ − ϵκiϵϵlζκ)L

ϵζ

=
1

2
ϵσiϵϵlσζL

ϵζ = ϵσilLσ = ϵilσLσ

and

[Mi,Mj] = [L0i, L0j] = g0jLi0 + gi0L0j − g00Lij − gijL00

= −Lij = −ϵijkLk

and

[Li,Mj] = [
1

2
ϵiµνL

µν , L0j] =
1

2
ϵiµν [L

µν , L0j]

=
1

2
ϵiµν(g

µjLν0 + gν0Lµj − gµ0Lνj − gνjLµ0)

= ϵijkL
0k = ϵijkMk

So we yield

[Li, Ll] = ϵilσLσ (45)

[Mi,Mj] = −ϵijkLk (46)

[Li,Mj] = ϵijkMk (47)
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8.5 Representations of Lorentz group in physical field

Let’s consider a scalar field ϕ(xµ). We know it is invariant with respect to
any Lorentz transformation so from eq.17 we have

ϕ
′
(x

′µ) = ϕ(xµ) = ϕ((Λ−1)µνx
ν) (48)

Now by infinitesimal Lorentz transformations in first order and eq.37 we
obtain

ϕ
′
(xµ) = ϕ(xµ +

1

2
ωσκ(L

σκ)µνx
ν) = (1− 1

2
ωσκL̂

σκ)ϕ(xµ) (49)

where

L̂σκ = −(Lσκ)µνx
ν∂µ (50)

From eq.38 we can obtain

L̂σκ = −(Lσκ)µνx
ν∂µ = −(gσµgκν − gκµgσν )x

ν∂µ

= −(gσµgκνx
ν∂µ − gκµgσνx

ν∂µ) = xσ∂κ − xκ∂σ (51)

Note L̂σκ is angular momentum operator. Let’s obtain the commutation
relation

[L̂µν , L̂σκ] = [xµ∂ν − xν∂µ, xσ∂κ − xκ∂σ]

= [xµ∂ν , xσ∂κ]− [xµ∂ν , xκ∂σ]− [xν∂µ, xσ∂κ] + [xν∂µ, xκ∂σ]

= (gνσxµ∂κ − gµκxσ∂ν)− (gνκxµ∂σ − gµσxµ∂ν)

− (gµσxν∂κ − gνκxσ∂µ) + (gµκxν∂σ − gνσxν∂µ)

= gνσ(xµ∂κ − xκ∂µ) + gµκ(xν∂σ − xσ∂ν)

+ gνκ(xσ∂µ − xµ∂σ) + gµσ(xκ∂ν − xν∂κ)

= gνσL̂µκ + gµκL̂νσ − gνκL̂µσ − gµσL̂νκ

So

[L̂µν , L̂σκ] = gνσL̂µκ + gµκL̂νσ − gνκL̂µσ − gµσL̂νκ (52)

Now we can obtain commute L̂µν between Lαβ

[L̂µν , Lαβ] = [−(Lµν)σκx
κ∂σ, L

αβ] = −[Lµνxσ∂σ, L
αβ]

= −Lµν [xσ∂σ, Lαβ] + [Lµν , Lαβ]xσ∂σ

= 0 (53)
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On the other hand, from the four-momentum operator in quantum mechanics

p̂µ = iℏ∂µ (54)

so

L̂σκ =
i

ℏ
(xσp̂κ − xκp̂σ) (55)

Now from eq.49, we can define the operator which infinitesimal transform [1]

R̂(ω) =
1

2
ωσκL̂

σκ , δxµ = R̂(ω)xµ = ωµνx
ν (56)

Let’s Consider a vector field Aν(xµ). The vector field is transformed by
Lorentz transformation so

A
′ν(xµ) = ΛνσA

σ(xµ)

= ΛνσA
σ((Λ−1)µκx

κ)

= (gνσ + ωνσ)A
σ((gµκ − ωµκ)x

κ) = (gνσ + ωνσ)A
σ(xµ − ωµκx

κ)

= (gνσ + ωνσ)(A
σ(xµ)− ωµκx

κ∂µA
σ(x))

= Aν(xµ) + ωνσA
σ(xµ)− ωµκx

κ∂µA
ν(x)

= (gνσ + ωνσ − gνσω
µ
κx

κ∂µ)A
σ(xµ)

=
[
gνσ +

1

2
ωµκ(gκσg

ν
µ − gµσg

ν
κ) +

1

2
ωµκgνσ(xµ∂κ − xκ∂µ)

]
Aσ(xµ)

=
[
I − 1

2
ωµκM̂µκ]

ν
σA

σ(xµ) (57)

where

(M̂µκ)
ν
σ = (gκσg

ν
µ − gµσg

ν
κ) + gνσ(xµ∂κ − xκ∂µ) = (Lµκ)

ν
σ + gνσL̂µκ (58)

and the commutation relation is

[M̂µν , M̂σκ] = [Lµν + L̂µν , Lσκ + L̂σκ]

= [Lµν , Lσκ] + [L̂µν , Lσκ] + [Lµν , L̂σκ] + [L̂µν , L̂σκ]

= [Lµν , Lσκ] + [L̂µν , L̂σκ]

= gµκLνσ + gνσLµκ − gµσLνκ − gνκLµσ

+ gµκL̂νσ + gνσL̂µκ − gµσL̂νκ − gνκL̂µσ

= gµκM̂νσ + gνσM̂µκ − gµσM̂νκ − gνκM̂µσ

So

[M̂µν , M̂σκ] = gµκM̂νσ + gνσM̂µκ − gµσM̂νκ − gνκM̂µσ (59)
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9 Poincaré Group

In this chapter, we will examine one of the most important groups in the
Minkowski space called Poincaré Group, and like all groups, we will ex-
amine the structures of the group and its algebra and in the last part of this
chapter, we will examine the irreducible representations of this group.

9.1 Defining of Poincaré group

Definition 9.1. Poincaré transformation in Minkowski space are put
together from a Lorentz transformation Λµν and a shift aµ

x
′µ = Λµνx

ν + aµ (1)

Note the Poincaré transformation only leaves distances between four-vectors
invariant:

gµν(x
µ − yµ)(xν − yν) = gµν(x

′µ − y
′µ)(x

′ν − y
′ν) (2)

Therefore, Poincaré transformations are also called to be inhomoge-
neous Lorentz transformations.
Now we show a set of (Λ, a) forms a group P (Poincaré group).

• Close

∀(Λ1, a1), (Λ2, a2) ∈ P | xµ2 = Λµ2νx
ν
1 + aµ2

= Λµ2ν(Λ
ν
1σx

σ
1 + aν1) + aµ2

= Λµ2νΛ
ν
1σx

σ
1 + Λµ2νa

ν
1 + aµ2

= Λµσx
σ
1 + aµ

So

(Λ2, a2)(Λ1, a1) = (Λ2Λ1,Λ2a1 + a2)

• Associativity

∀(Λ1, a1), (Λ2, a2), (Λ3, a3) ∈ P
(Λ3, a3)[(Λ2, a2)(Λ1, a1)] = (Λ3, a3)(Λ2Λ1,Λ2a2 + a1)

= (Λ3Λ2Λ1,Λ3Λ2a2 + Λ3a1 + a3) = [(Λ3, a3)(Λ2, a2)](Λ1, a1)

• Identity element

∃(I, 0), ∀(Λ, a) ∈ P | (I, 0)(Λ, a) = (Λ, a)

• Inverse element

∀(Λ, a),∃(Λ, a)−1 ∈ P | (Λ, a)−1(Λ, a) = (Λ−1,−Λ−1a)(Λ, a) = (I, 0)

So the set of (Λ, a) forms a Poincaré group P .
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9.2 Poincaré algebra

First, in order to investigate the Poincaré algebra, it is necessary to obtain
the infinitesimally transforms for the rotation and translation, so

• Lorentz transformations
As we obtained in Lorentz transformations eq.56, we know the operator
of the infinitesimal rotation is

R̂(ω) =
1

2
ωσκL̂

σκ , δxµ = R̂(ω)xµ = ωµνx
ν (3)

• Translations
Let’s consider the infinitesimal space-time translation of the form

δxµ = ϵµ (4)

can be generated by the infinitesimal translation operator

R̂(ϵ) = ϵµP̂µ = ϵµ∂µ (5)

so that

R̂(ϵ)xµ = ϵνP̂νx
µ = ϵν∂νx

µ = ϵµ = δxµ (6)

Therefore the generator of the translation is Pµ and Lie bracket is

[P̂µ, P̂ν ] = [∂µ, ∂ν ] = 0 (7)

Note P̂ is proportional with p̂.

Now if in addition to infinitesimal Lorentz transformations we consider the
infinitesimal translations we have the infinitesimal Poincaré transformation

δxµ = ϵµ + ωµνx
ν = R̂(ϵ, ω)xµ (8)

where

R̂(ϵ, ω) = ϵµP̂
µ +

1

2
ωµνL̂

µν (9)

So the generators of the Poincaré group are P̂ µ and L̂µν . Therefore the Lie
algebra of the Poincaré group (Poincaré algebra) basis are the generators so
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we have a commutation relation by Lie bracket. As before we obtained 52
and 7 so

[P̂ µ, L̂νσ] = [∂µ, xν∂σ − xσ∂ν ] = [∂µ, xν∂σ]− [∂µ, xσ∂ν ]

= gµν∂σ − xν∂σ∂µ − gµσ∂ν − xσ∂µ∂ν = gµν∂σ − gµσ∂ν

= gµνP̂ σ − gµσP̂ ν (10)

So

[P̂ µ, P̂ ν ] = 0 (11)

[L̂µν , L̂σκ] = gνσL̂µκ + gµκL̂νσ − gνκL̂µσ − gµσL̂νκ (12)

[P̂ µ, L̂νσ] = gµνP̂ σ − gµσP̂ ν (13)

Therefore P̂µ and L̂νσ are generators of Poincaré algebra and they have the
commutation relation 11, 12 and 13.
Note that usually in books and articles, they write L̂νσ as M̂νσ and we
continue in the same general way [1] [2] [46] [47].

9.3 Casimir operators of Poincaré algebra

As we found out in the chapter on Lie algebra representation Theory, accord-
ing to Schur’s lemma, if ρ is an irreducible representation and if an operator
like ρ(c) is found that commutes with all generators of the algebra, then that
operator is proportional to the unit operator and called Casimir opera-
tors. Now in Poincaré algebra, the first Casimir operator is given by the
scalar product of the momentum operator with itself

P̂ 2 = gµνP
µP ν = P µPµ (14)

Let’s commute all generators of Poincaré algebra

[P̂ 2, P̂ ν ] = [P̂ µP̂µ, P̂
ν ] = P̂ µ[P̂µ, P̂

ν ] + [P̂ µ, P̂ ν ]P̂µ

= 0 (15)

[P̂ 2, M̂µν ] = [P̂ σP̂σ, M̂
µν ] = P̂ σ[P̂σ, M̂

µν ] + [P̂ σ, M̂µν ]P̂σ

= P̂ σ(gµσ P̂
ν − gνσP̂

µ) + (gµσP̂ ν − gνσP̂ µ)P̂σ

= P̂ µP̂ ν − P̂ νP̂ µ + P̂ µP̂ ν − P̂ νP̂ µ

= 0 (16)

So P̂ 2 is the first Casimir operator of Poincaré algebra.
Let’s define a new vector operator, known as the Pauli-Lubanski operator
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[1] [48] [49] [50] [51], from the generators of the Poincaré algebra as

Ŵ µ =
1

2
ϵµνλρP̂νM̂λρ (17)

Now commute the new operator with the generators of Poincaré algebra

[Ŵ µ, P̂ σ] = Ŵ µP̂ σ − P̂ σŴ µ =
1

2
ϵµνλρ(P̂νM̂λρP̂

σ − P̂ σP̂νM̂λρ)

=
1

2
ϵµνλρ(P̂νM̂λρP̂

σ − P̂νP̂
σM̂λρ + P̂νP̂

σM̂λρ − P̂ σP̂νM̂λρ)

=
1

2
ϵµνλρ(P̂ν [M̂λρ, P̂

σ] + [P̂ν , P̂
σ]M̂λρ) =

1

2
ϵµνλρP̂ν [M̂λρ, P̂

σ]

=
1

2
ϵµνλρP̂ν(g

σ
ρ P̂λ − gσλP̂ρ) =

1

2
ϵµνλρgσρ P̂νP̂λ −

1

2
ϵµνλρgσλP̂νP̂ρ

= 0 (18)

and for simply we define [1]

ˆ̃
M

µν

=
1

2
ϵµνλρM̂λρ (19)

we can write Pauli-Lubanski operator also as

Ŵ µ =
1

2
ϵµνλρP̂νM̂λρ = P̂ν

ˆ̃
M

µν

(20)

Now we obtain commutator with M̂στ

[
ˆ̃
Mµν , M̂στ ] = [

1

2
ϵλρµνM̂λρ, M̂στ ] =

1

2
ϵλρµν [M̂λρ, M̂στ ]

=
1

2
ϵλρµν(gρσM̂λτ + gλτM̂ρσ − gρτM̂λσ − gλσM̂ρτ )

= −1

2
ϵρµνσM̂ρτ +

1

2
ϵρµντM̂ρσ +

1

2
ϵρµντM̂ρσ −

1

2
ϵρµνσM̂ρτ

= −ϵρµνσM̂ρτ + ϵρµντM̂ρσ = −ϵρµνσ(−
1

2
ϵδζρτ

ˆ̃
M δζ) + ϵρµντ (−

1

2
ϵδζρσ

ˆ̃
M δζ)

= −1

2
ϵρµντ ϵ

δζ
ρσ

ˆ̃
M δζ +

1

2
ϵρµνσϵ

δζ
ρτ

ˆ̃
M δζ

=
1

2
[gµτ (g

δ
νg

ζ
σ − gδσg

ζ
ν) + gδµ(g

ζ
νgτσ − gζσgτν)

+ gζµ(g
δ
σgντ − gδνgστ )− σ ↔ τ ]

ˆ̃
M δζ

=
1

2
[gµτ (

ˆ̃
Mνσ −

ˆ̃
Mσν) +

ˆ̃
Mµνgτσ −

ˆ̃
Mµσgτν −

ˆ̃
Mσµgντ −

ˆ̃
Mσµgντ

− ˆ̃
Mνµgστ − σ ↔ τ ]

=
ˆ̃
Mµτgνσ +

ˆ̃
Mνσgµτ −

ˆ̃
Mµσgντ −

ˆ̃
Mντgµσ
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So

[
ˆ̃
Mµν , M̂στ ] =

ˆ̃
Mµτgνσ +

ˆ̃
Mνσgµτ −

ˆ̃
Mµσgντ −

ˆ̃
Mντgµσ (21)

Let’s commute Ŵ µ with M̂στ With the help of equation 21

[Ŵ µ, M̂στ ] = [P̂ν
ˆ̃
M

µν

, M̂στ ] = [P̂ν , M̂στ ]
ˆ̃
M

µν

+ P̂ν [
ˆ̃
M

µν

, M̂στ ]

= (gνσP̂τ − gντ P̂σ)
ˆ̃
M

µν

+ P̂ν(
ˆ̃
M

µ

τ g
ν
σ +

ˆ̃
M

ν

σg
µ
τ −

ˆ̃
M

µ

σg
ν
τ −

ˆ̃
M

ν

τg
µ
σ)

= gµσ P̂ν
ˆ̃
M

ν

τ − gµτ P̂ν
ˆ̃
M

ν

σ = gµσŴτ − gµτ Ŵσ (22)

So Ŵ µ not commutes with the generator of Poincaré algebra. Let’s define
Ŵ 2 = Ŵ µŴµ and investigate can commute with all generators or not. So

[Ŵ 2, P̂ ν ] = [Ŵ µŴµ, P̂
ν ] = Ŵ µ[Ŵµ, P̂

ν ] + [Ŵ µ, P̂ ν ]Ŵµ = 0 (23)

and

[Ŵ 2, M̂στ ] = [Ŵ µŴµ, M̂στ ] = Ŵ µ[Ŵµ, M̂στ ] + [Ŵ µ, M̂στ ]Ŵµ

= Ŵ µ(gµσŴτ − gµτŴσ) + (gµσŴτ − gµτŴσ)Ŵµ

= ŴσŴτ − ŴσŴτ + ŴτŴσ − ŴτŴσ

= 0 (24)

So the second Casimir operator of Poincaré algebra is Ŵ 2 = Ŵ µŴµ.

Therefore P̂ 2 and Ŵ 2 represent the only Casimir operators of the algebra
and consequently, the representations can be labeled by the eigenvalues of
these operators.

9.4 Irreducible representations of the Poincaré Group

The irreducible representations of the Poincaré Group can be classified into
two distinct categories.

9.4.1 Massive Representation

To find unitary irreducible representations of the Poincaré algebra, we choose
the basis vectors of the representation to be eigenstates of the momentum
operators. The eigenstates of the momentum operators |p⟩ are, labeled by
the momentum eigenvalues, pµ, satisfying

P̂µ |p⟩ = pµ |p⟩ (25)
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and in this basis, the eigenvalues of the operator P̂ 2 = P̂ µP̂µ are

P̂ 2 |p⟩ = pµpµ |p⟩ (26)

On the other hand, we know in special relativity

p2 = pµpµ = m2 (27)

where m is the rest mass of the single particle state and we assume the rest
mass to be non-zero. Now we want the operator Ŵ 2 acting on a state so
before we obtain Ŵ 2 in new form

Ŵ 2 = Ŵ µŴµ =
1

4
ϵµνλρϵστζµ M̂λρP̂νM̂τζP̂σ

=
1

4
[−gνσ(gλτgρζ − gλζgρτ )− gντ (gλζgρσ − gλσgρζ)− gνζ(gλσgρτ

− gλτgρσ)]M̂λρP̂νM̂τζP̂σ

= −1

2
M̂λρP̂νM̂

λρP̂ ν − M̂λρP̂νM̂
νλP̂ ρ

= −1

2
M̂λρ(M̂

λρP̂ 2 + gλν P̂
ρP ν − gρνP̂

λP ν)− M̂λρ(M̂
νλP̂νP̂

ρ + 4P̂ λP̂ ρ

− gλν P̂
νP̂ ρ)

= −1

2
M̂λρMλρP̂

2 − M̂λρM̂
νλP̂νP̂

ρ (28)

Let’s go to the rest frame of the massive particle. In this frame we have

pµ = (m, 0, 0, 0) , p2 = pµpµ = m2 (29)

so the operator Ŵ 2 acting on a state, takes the form

Ŵ 2 |p⟩ = (−1

2
M̂λρMλρP̂

2 − M̂λρM̂
νλP̂νP̂

ρ) |p⟩

= −1

2
M̂λρMλρP̂

2 |p⟩ − M̂λρM̂
νλP̂νP̂

ρ |p⟩

= −1

2
m2M̂λρMλρ |p⟩ −m2M̂λ0M̂

0λ |p⟩

= −1

2
m2(2M̂0λM̂0λ + M̂ ijM̂ij) |p⟩+m2M̂0λM̂0λ |p⟩

= −1

2
m2M̂ ijM̂ij |p⟩ (30)

Now from eq.51, M̂ ij = ϵkijĴk

Ŵ 2 |p⟩ = −1

2
m2M̂ ijM̂ij |p⟩ = m2ĴkĴk |p⟩ = −m2J2 |p⟩

= −m2s(s+ 1) |p⟩ (31)
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We took help from eq.56 for the last line.
So p̂µ = (0, 0, 0,m) and Ŵµ = (0,−mJ) and the spin satisfy for Massive
particles is s = 0, 1

2
, 1, 3

2
, . . . . As is clear the eigenspace of the momentum

operator is, as we have seen, a representation of SU(2). So Massive fields
are classified by irreducible representations of SU(2) that deter-
mines spin.

9.4.2 Massless Representation

In contrast to the massive representations of the Poincaré group, the repre-
sentations for a massless particle are slightly more involved. The basic reason
behind this is that the little group of a lightcone vector is not so obvious
[1] [52]. In this case, we have

pµpµ = 0 , pµ = (p, 0, 0, p) , p ̸= 0 (32)

So

P̂ 2 |p⟩ = 0 (33)

and from eq.18 we have

P̂µŴ
µ |p⟩ = 0 (34)

There now appear two distinct possibilities for the action of the second
Casimir Ŵ 2 on the states of the representation, namely

Ŵ 2 = Ŵ µŴµ ̸= 0 or Ŵ 2 = Ŵ µŴµ = 0 (35)

In massless particles if Ŵ 2 ̸= 0 then we have infinite representations of spin
values [1], in other words, Continuous spin representations [53]. So we
consider Ŵ 2 = 0 then we can define Ŵ µ by the momentum operator so

Ŵ µ = −P µĥ (36)

where ĥ is called proportionality factor operator [1]. Let’s determine ĥ

Ŵ µ |p⟩ = 1

2
ϵµνλρP̂νM̂λρ |p⟩ (37)

then from eq.32

W 0 |p⟩ = 1

2
ϵ0ijkpiM̂jk |p⟩ =

1

2
ϵijkpi(ϵ

l
jkJl) |p⟩ = −p · J |p⟩ (38)

Comparing with eq.36 we conclude that

ĥ =
p · J
p

(39)

Therefore we obtain helicity for Massless particles.
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